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Abstract

This paper studies some fixed point theorems for mappings in the setting of b;-metric

space. These theorems are first introduced by Venkata (2001) for mappings in the setting of
2-metric space. The theorems are referred to in this paper as theorem 5.1 on page 4 and
theorem 5.2 on page 6 when are proved on b;-metric space. In theorem 5.1, if y,f = 0 and

all conditions have not changed, then theorem 5.1 is still applicable. If ¥, = 0 in the first
condition of the theorem 5.2, then theorem 5.2 is still applicable.

Keywords and phrases: fixed point, Common fixed point, 2-metric space, bz-metric space,
complete b,-metric space.
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Metric space, as it is known, is a set with structure determined by a well- deflned

notation of distance. The idea of metric space has been generalized in many directions in
mathematics.

Derived from metric space is the notation of b-metric space which was first initiated by

Bourbaki (1974) and Bakhtin (1989,30). Czerwik (1993,1) gave an axiom which was

weaker than the triangular inequality and formally defined a b-metric space with a view of
generalizing the Banach contraction mapping theorem. On the other hand, the notion of a 2-
metric space was introduced by Gahler (1963,26) having the area of a triangle in R? as the

inspirative example.
There are many fixed point results were obtained for single and multivalued mappings in
b-metric space Czerwik (1993,1) & (1998,46) and many other authors. Similarly, several

fixed point results were obtained for mappings in 2-metric spaces.
The aim of this paper is to extend some fixed point theorems in 2-metric space to b;-

metric space.

2. Methodology

This paper follows a qualitative method. This is an analysis to some fixed point theories.
This method is suitable for this research because we already have proven fixed point
theories that are to be applied on mappings in b,-metric space.

Data is collected from some already published literature on this topic and from the

results of applying the fixed point theorems on mappings in 2-metric spaces.

3. Significance of the research
This research is significant in pure mathematics, particularly in functional analysis,

because it has proven that some fixed point theorems in 2-metric spaces can be also proven

on 2-metric spaces.

4. Preliminaries
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Before stating our main results, some necessary definitions might be mtroduced as

follows.
Definition 4.1. Let X be a nonempty setand T: X — X a self-map. We say that

x € X isa fixed point of Tif T(x) = x denote by FT or Fix(T) the of all fixed points of
T.

Definition 4.2. For n = 2, let fi,fs, ..., f, are functions from X into itself. If there exists
an element x in X such that f;(x) = f5(x) =+ = f,(x) = x. Then x is called a common
fixed point of f1. 15, .., fa-
Definition 4.3. Czerwik (1993, 1) & (1998, 46) Let X be a nonempty set and s = 1 be a
given real number. A function d: X x X — R* is a b-metric on X if for all x,y, z € X, the
following conditions hold:

1) d(x,¥) =0 ifandonlyif x =y.

2) d(x,y) =d(y,x).

3) d(x,y) =sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric space.
Definition 4.4. Piao (2008, 24) & (2012, 3) Let X be a nonempty set and
d: X x X x X — R be a map satisfying the following conditions:

1) For every pair of distinct points x,v € X, there exists a point z € X such that

d(x,y,z) = 0.
2) If at least two of three points x, y, z are the same, then d(x,v,z) = 0.

3) The symmetry:
d(x,v,z) =d(x,z,y) =d(v,x,z) =d(y,z,x) =d(z,x,y) = d(z,vy,x) for all
x,yv,z€X.
4) The rectangle inequality: d(x, v, z) = d(x,y,a) +d(v,z,a) + d(z,x,a) forall
x,v,z,acX.

Then d is called a 2-metric on X and (X, d) is called a 2-metric space.
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Definition 4.5. Mustafa (2014, 144)Let X be a nonempty set, s = 1 be a real number and
d: X X X x X — R be a map satisfying the following conditions:

1) For every pair of distinct points x, y € X, there exists a point z € X

such that d(x,y,z) = 0.

2) If at least two of three points x,y,z are the same, then

d(x,y,z) = 0.

3) The symmetry:

d(x,v,z) =d(x,z,y) =d(v,x,z) =d(y,z,x) =d(z,x,y) = d(z,vy,x) for all
x,yv,z€X.

4) The rectangle inequality:
d(x,v,z) <s[ld(x,v,a) + d(v,z,a) + d(z,x,a)] forall x,v,za€X.

Then d is called a b,-metric on X and (X, d) is called a b,-metric space.
Remark 4.1. Obviously, for s = 1, b,-metric reduces to 2-metric.
The following are some typical examples of b;-metric spaces.
Example 4.1. Mustafa (2014,144) Let a mapping d: R® — [0, o) be defined by
d(x,y,z) = min{lx — yl|, Iy — z|,1z — x[}
Then d is a 2-metric space on R. For arbitrary real numbers x, v, z, a.Using convexity of
the function f(x) = xP on [0, ) for p = 1, we obtain that
dy(x,y,2) = [min{lx —yl,ly — 2|, |z — x[}]?
is a by-metric on R with s < 3P~ 1,
Example 4.2. Mustafa (2014, 144) Let a mapping d: R* — [0, %) be defined by

d(x,y,z) = {[xy + yz + zx]?,

ifx+y+z+x0, otherwise

x,v,z € X.Thend isa b,-metric space , with s < 3771 p = 1.
Definition 4.6. Mustafa (2014, 144) Let {x,, }»en be a sequence in a b,-metric space (X, d).

1) A sequence {x,} is said to be by-convergent to x € X, written as
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x,=x, ifalla € X, d(x,,x,a) = 0.

2) A sequence {x,} is said to be b,- Cauchy sequence if and only if
d(x,,x,,a) — 0,when n,m — . forall a € X.
3) The b,-metric space (X, d) said to be b,-complete if every b,-Cauchy sequence
is by-convergent sequence.
Definition 4.7. Mustafa (2014, 144) Let (X,d) and (X, d") be two b,- metric spaces and let
f:+ X — X' beamapping . Then f is said to be b,- continuous at a point z € X if fora
given £ = 0 there exists § > 0 suchthat x € Xand d(z,x,a) < & forall @ € X imply
thatd'(fz, fx,a) < & The mapping f is b,- continuous on X if it is b,-continuous at all

ZEX.
Proposition 4.1 Mustafa (2014, 144) Let (X,d ) and ( X’,d") be two b,-metric spaces . Then a

mapping f : X — X' is by-continuous at a point x € X if and only if it is b,-
sequentially continuous at x; that is, whenever {x,, },ex IS ba-convergent to X, {f (xy) }nen
is by-convergent to f (x).

Lemma 4.2 Zaid (2015, 5) Let (X,d) be a b,-metric space with s = 1, and let {x, },en be a
sequence in X such that the sequence d(x,,x,s+1,@) is not increasing. Then
d(xi,xj-,xk,) =0 foralli,j,k €N.

5. Main Results
Theorem 5.1. Let (X,d) be a complete b,-metric space, s = 1.Let f be a b, -continuous
self-map of X, satisfying

d*(f(x), f(3), a)
< ad(x, f(x),a)d(y, f(¥),a) + Bd(x, f (x),a)d(y, f(x),a)
+yd(y, f(¥),a)d(y, f(x),a) + 8d(x, f(3), @)d(y, f(x),a)

forall x,y,z € X and a,,y,6 = 0 with max {a,8} < 1 and sa < 1.Then f has a unique
fixed point in X.

Proof. Let xy € X be an arbitrary , and let {x,,},ex be a sequence in X.
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Define x; = f(xg), x> = f(xy), .y = f(x,1), n =12, ...
We have d?(x4,x5,a) = d?(f(xq), f(x1), @)
< ad(xg, f(xp),@)d (x4, f(x1),a)
"‘ﬁd(xo;f(xo); a)d(xlrf(xo); a)
+yd(xq, f(x1),a)d(xq, f (x0), @)
+8d(xo, f (x1), @)d (x4, f(x0), @)
= ad(xg,xq,a)d (xq,%5,a) + fd(xg, xy,a)d(x,xq,a)

+yd(xy, x5, a)d(xq,xq,a) + 6d(xg, x5, a)d(x,,x4,a)
ie., d?(xy,x5,a) = ad(xy,x,,a)d(x,, x5, @)
Hence d(xq,%5,a) < ad(xy,x,,a)
Similarly

d(x21 X3, a) = ad (xll Xz, a)

= a’d(xq,x1,a)

d( X, Xna1, a)lg ’a"d(xﬂ, Xq,@)
We claim that {x,} is Cauchy sequence in X.
For m > n, we have
d(xp, X, @) = s[d(xp, X1, @) + d(x g, Xps1, @) + d(xp, X, Xps1)]
< sla"d(xg,x1,a) + a"d(x,%1,Xp)] + sd(Xp41, X, @)
< sad(xg, xq,a) + sad(xg, x1,%,)
+52[d(xXp42, Xns1, @) + d(Xpa, X, Xm) + d(xp42, X, )]
< sad(xg, xq,a) + sad(xg, x1,X)
+s2a™d(xg,xq,a) + s2a™ d(xg, x1, %) + 52 d (X012, X, @)
< (sa® + s?a™ + SPa™ 4 o+ ST L@ ) d (g, x4, @)

+(sa™ + s?a™?! + 3™ 4 e sMT T g™ ) d (%, X, X )
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+ ™" d(Xm-1, X, @)

< (sa® + s?a™ + SPa™ 4 o+ ST L@ ) d (g, x4, @)
+(sa™ + s2a™t + s3a™? 4 o+ s g™ 2)d (%, X1, X))
+ s g™ 1 d(xq, x4, @)
= (sa™ + s?a™?! + 5@t 4o 4 M LgMT2 4 oMM d (g, x4, @)

+(sa™ + s?a™? + 2™ ? 4 . sMT 1M ) d (X0, X1, X )

sah sah
= - d(xo,x1,0) + ——d(xo,x1, %) (1)

Asn,m — o in (1) , we have d(x,, x,,,a) = 0.
Thus {x,} is Cauchy sequence in X.
Since X is complete b,-metric space, then there exist a point x € X such that x,, = x
Now to show that x is a fixed point of f. Since x, — x asn — @ using continuity of f,
we have f(x)= f(x,)
Which implies that x,+; = f(x).
Thus f(x) = x.Hence x isa fixed point of f.
For uniqueness of x: Let x, ¥ be distinct fixed points of f.
Then for all @ € X we have d(x,y,a) =d(f(x), f(¥),a) and
d*(x,y,@) = d*(f(x), f(¥), @)
< ad(x,f(x),a)d(y, f(y),a) + fd(y, f(x),a)d(x,f(x), a)
+yd(y, f(»),@)d(y, f(x),a) + §d(x, f(¥),@)d(y, f(x), a)
< ad(x,x,a)d(y,v,a) + fd(y,x,a)d(x,x,a)
+yd(y,y, a)d(y,x,a) + dd(x,y,a)d(y,x, a)
=6§d%(x,v,a).
Thus (1 —6)d?(x,y,a) = 0.
This implies that § = 1, which is a contradictiontod < 1.

Therefore the fixed points are unique.
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Theorem 5.2. Let (X,d) be a complete b,-metric space. Let £ and g be two continuus
mappings of X into itself, such that
) d*(f(),f), @) =
ad(g(x),f(x),)d(gy), f(y),a) + Bd(g(x), f(x),a)d(g(¥), f(x),a)
+yd(g), f(3), a)d(g(y), f(x), @) + §d(g(x), f(), )d(g(y¥), f (x),a)
forall x,y,a € Xand «,,¥,8 = 0 with max {a,§} = 1 and sa < 1.
i) fg=gf, f(x) cglx)
Then f and g having a unique common fixed point in X.
Proof. Let xo € X be an arbitrary, since f(x) c g(x)
We can choose x; € X such that

flxo) = glxy), flxy) =gxs), ..., flxp) = glxpsr), n=12, ...

Now , d(g(xn+1), g (ns2), @) = d(f (xn), f(Xn41),@)  forall a€X
d?(g(xn+1), 9 (ni2), @) = d*(f (%), f (¥n11), @)
= ad(g(xy), f(xn), @ d(g(xps1), f (1), @)
+Bd(g(xp), f (xn), @)d(g (xn+1), f(xn), @)
+yd(g(xn+1), f(xn41), @ d(g (xn41), f (x0), @)
+6d(g(xy), f(xn+1), @)d(g(xp41), f(xn), @)
= ad(g (), g (xn+1), @)d(g (xn+1), g (xn+2), @)
+Bd(g(xpn), g(Xn+1), Ad(g (xn+1), 9 (Xn+1), @)
+yd(g (xn+1), 9(xn+2), A d(g (Xn41), 9 (xn41), @)
+8d(g(xn), 9(xn+2), @) d(g(xn+1), §(xn41), @)
= ad(g (), g (xn+1), @)d(g (xn+1), g (xn+2), @)
Then d(g(x,,), g(xps1), @) = ad(g(x,—1),9(x,),a) forall a€X

Hence
d(g(xps1), 9 (Xns2), @) = a™ 1d(g(xp), g(x1), @)

For m = n, we have
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d(g(xn), g(xm), a)
< s[d(g(xn), 9(xm), g (xn41)) + d(g(xn), g (Xp11), @)+ d(g(n), g (x11), @)]

< sla™d(g(x0), g(x1),g(xm)) + @"d(g(x0), g (x1), @] + sd(g(xpn11), 9 (x), @)

< (sa + s2a™ 1 + a4 4 5@ 2)d(g(xg), G (), G X))

+(sa™ + 2a™ + S3a™? 4 . sM T 1™ 2) d(g(xg),9(x1), @)

+ 5™ "d (g (xpm-1), 9(xm), @)

< (sa + s2a™ 1 + a4 4 5@ 2)d(g(xg), G (), G X))

+(sa™ + 2a™ + S3a™? 4 . sM T 1™ 2) d(g(xg),9(x1), @)

+ s g™ 1d (g(xg), g(x41), @)

= (sa™ + s?a™! + 2@ 4 4 T L™ D) d (g (x0), g (x1), 9 (X))
+(sa™ + s?a™ 4+ g3 4 gMTTIgMT2 4 MM d(g(xg), g(x1),a)

~ d(g(xg), 9, 9 xm) + 22— d(g (xg), 9(x,), @) (2)

Asn,m — »in (2) ,we have d(g (x,),g (%), @) — 0.

_150: 1—sa

Thus {g(x,)}nen is Cauchy sequence in X.
Since X is complete b,-metric space, then there exist a point x € X such that g (x,,) — x
Wehave g(x,) =x =x,41) = f(x)
Since gx, ) = fgx,) and by continuity of g,/ ,wehave f(x) =g (x).
To show that x is a fixed point of g, we have x =g (x ).
d*(g (x),x, @) = Lim d*(f(x), f(xn), @)
= lim [ ad(g(x),f(x),@)d(g(xy), f (xn),a)
+Bd(g (x,), f(x),a)d(g (x),f (x),a)
+yd(g G, f(xn), @) d(g(xn), f(x), @)
+6d(g(x), f (xn), @)d(g(xn), f (x), @)]
= [ad(g(x), g(x), @)d(x,x,a) + Bd(x, g(x),a)d(g(x), g(x), a)
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+yd(x, x,a)d(x, g(x),a) + dd(g(x),x,a)d(x, g(x),a)]

= 6d?(g(x),x,a).
Thus (1 —8)d?(g(x),x,a) =0, § <1.

Hence d*(g(x),x,a) =0 foralla € X.
This implies that g(x) = x. Therefore g(x) = f(x) = x.
Thus x is common fixed point of f and g.
For the uniqueness of the common fixed point. Let x, y be two common fixed points
of f and g,so d(x,y,a) = d(f(x), f(y),a). Then from (i)
d*(x,y,a) = d*(f(x),f(¥), @)
< [ad(g(x),f(x),@)d(g),f (¥),a)
+pd(g ), f (x),a)d(g (x), f(x), @)
+yd(g(y), f ), a)d(g (v),f(x),a)
+6d(g(x), f ), a)d(g (), f(x), a)]
= [ad(x,x,a)d(y,y,a) + Bd(y,x,a)d(x,x,a)
+yd(y,y,a)d(y,x,a) +8d(x,y,a)d(y,x,a)]
= 8d?*(x,v,a).
So (1-68)d?(g(x),x,a)=0 foralla€X, §<1.
This implies that d2 (g(x),x, a) = 0, that is d(g(x),x,a) =0 forall a € X,
Thus x = y.
6. Conclusion

In this paper, some common fixed point theorems for two mappings have been

applied on complete b,-metric space. The results have been encouraging. In theorem 5.1, if
v, =0 and all conditions have not changed, then theorem 5.1 is still applicable. If

¥, = 0in the first condition of the theorem 5.2, then theorem 5.2 is still applicable.
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