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INTRODUCTION

The French mathematician Marty proposed the idea of hyperstructure, and particularly the idea
of hypergroup, in 1934 (Marty, 1934). There are basic definitions and theories concerning the
hyperstructures previously (AbouElwan & Alderawe, 2023; Davvaz et al., 2023) Several fields
of other disciplines can benefit from the use of hyperstructures. There have been numerous
books and articles written about the use of hyperstructures in the study of geometry, hyper-
graphs, binary relations, lattices, fuzzy sets, etc (AbouElwan & Alderawe, 2023; Davvaz, 2012;
Burris & Sankappanavar, 1981; Vougiouklis, 1994). Canonical hypergroup as a special kind of
hypergroup is indeed a natural generalization of the concept of abelian group. This kind of hy-
pergroup is a basic additive hyperstructure of many hyperstructures.

By applying a specific kind of equivalence relations, semihypergroup can be connected to
semigroup, hypergroup to the group and canonical hypergroup to abelian group. These equiva-
lence relations are called strongly regular relations. More exactly, by given (a semihypergroup,
a hypergroup, and a canonical hypergroup) and by using a strongly regular relation on them, (a
semigroup, a group, and the abelian group) respectively can be constructed from their quotient
hyperstructures. (Corsini & Leoreanu, 2003)

MATERIALS AND METHODS

The definitions and examples from this section will be utilized throughout the paper.
A hyperoperation o on a non-empty set H is a mapping o: H x H — P *(H), P *(H) is the power
set of H, D¢ P *(H). Moreover, the pair (H, o) is called a hyper-groupoid. For every A and B € P
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*(H) and x € H, the sets Ao B, Aoxand x o A are defined by AoB=U{aob | a€A,Db
€ B}, Aox=Ao {x}andxo A= {x} oA.

A hypergroupoid (H, o) is called a semihypergroup if for all a, b, c of H, we haveao (boc)=(ao
b) o c, this means that Uueboc a0 u=Uveaob v o c. A semihypergroup (H, o) is called a hyper-
group if for every a € H, we have a o H=H o a = H, that is called the reproduction axiom. A hy-
pergroup (H, o) is called a commutative hypergroup if for all a, b € H, we have a o
b=Db o a. A non-empty subset K of a hypergroup (H, o) is called a subhypergroup of H if K is a
hypergroup under o. Several books have been written on hyperstructure theory (AbouElwan & Al-
derawe, 2022; Velrajan & Asokkumar, 2010; Vougiouklis, 1994).

Let (H, o) be a semihypergroup and R be an equivalence relation on H. If A, B are non-empty sub-
sets of H, then ARB means that

Va € A, 3b € B such that aRb, and Vb € B, 3a'€ A such that a'Rb".
Furthermore, ARB means that

Va € A, Vb € B, we have aRb.

In addition, the equivalence relation R on H is said to be:

1) Regular on the left (on the right) if V x € H, from aRb, it follows that (x 0 a)R(x 0 b) ((a 0 x)R(b 0 x)
respectively).

2) Strongly regular on the left (on the right) if V x € H, from aRb, it follows that (x o a)I=2(X ob)((ao
X)I='\'(b o x)respectively).

3) Strongly regular (Regular) if it is strongly regular (regular) on the right and on the left. (see 6).

Let (H, o) be a hypergroup, for an equivalence relation R on H, we use R(x) to denote the equiva-
lence class of x to R and use H/R to denote the family of equivalence classes {R(x) | x € H} of R.
The reader can find the proofs of the following two theorems in (BDavvaz & Leoreanu-Fotea,
2007; Davvaz et al., 2022).

Theorem 2.1. If (H, o) is a hypergroup (a semihypergroup ) and R is a regular relation on H, then
the quotient H/R is a hypergroup (a semihypergroup) under the operation defined by

RX)®R(y) ={R(2) | z€xo0yj}.

Theorem 2.2. If (H, o) is a hypergroup (a semihypergroup) and R is a strongly regular relation on
H, then the quotient H/R is a group (a semigroup) under the operation defined by

Rx)Q®R(y)=R(z),VzExo0Yy.
Definition 2.3. A canonical hypergroup (M, +) is a non-empty set M together with a hyper-
operation + which satisfies the following axioms:

. VX VyEMx+ty=y+x,
. VX y,zEM,x+(y+tz)=x+y)+z,
iii. 30 € M (called neutral element of M) such that

0+x={x}=x+t0,VXEM,
1v. VX €M, 3; —x € M such that

0ex+(—x)N(—x)+x,
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v.  the reversibility axiom:
VX,y,ZEM,zEX+ty=>yE—x+zandXx Ez+ (-y).

Let (M, +) be a canonical hypergroup, a non-empty subset N of (M, +) is called a subca-
nonical hypergroup of M if (N, +) is a canonical hypergroup itself. Equivalently, x —y € N, V X, y
€ N.

In particular, V x € N, x —x € N. Since 0 € x —x, it follows that 0 € N. Moreover, N is said to be
normal if x + N —x € N, for all x € M. In addition, a subcanonical hypergroup N of M is called a
subgroup of M if (N, +) is a group, that is, if x + y is a singleton set for all x, y € N.

Example 2.4. Consider the set M ={0, a, b}. Define a hyperaddition + on M as in the following ta-
ble

0 A b c
{0} {a} {b} {c}
{a} {0,y [{a c} |1{b}
{b} {a, ¢t 10,0} | {a}
{c} {b} {a} {0}

Then, (M, +) is a canonical hypergroup, {0, b} is a subcanonical hypergroup of M, and {0, c} is a
subgroup of M.

OISR O]+

Remark 2.5. If N be a subcanonical hypergroup of a canonical hypergroup (M, +), then the quo-
tientis M/N= {x+N | x € M},

where x + N = {x+n | n € N}, we will use X instead of x + N.

Theorem 2.6.1'" If N be a subcanonical hypergroup of a canonical hypergroup (M, +). Then M/N is
a canonical hypergroup with respect to the following hyperoperation

x+N)P(y+N)={z+N | z€x+y}, forall x+N, y+N € M/N.
Proof. Let x1, y1, X2, y2 € M such that Xx; = X, and y; = y, then x2 € x1 + N and y2 € y1 + N. Let

72 €E X2+ y2 € (x1 + N) + (y1 + N). Since M is commutative, z> € z1 + n for some z1 € x1 + y1 and
for some n € N. That is, z2 + N =z1 + N. Hence,

XDy, € X1 DYy

Also, since x1 € x2+ N and y1 € y2+ N, by a similar argument, we get,
XDy € X, Dy>.

Hence, X1 Py, = X, @Py,. Thus, @ is well defined.

LetXx,y,z € M/N. If u € (x@Yy)DZz, then u € pDZz for some p € XPYy. That is, u = a for some a
Eptz Alsop=>b forsomeb € x +y.

Now,a€p+zCSb+N+z=b+z+N. Thatis,a€v+N forsomeveEb+zC (x+y)+
z=x+(y+2z).So,v Ex+tfor somet €y + z This means that, @ = ¥ and v € X@Pt. Since t €
yPz, we have

u=a=7vexDt S xDYD2).
This means that, u € X (y@Pz). Hence,
(xDy)Dz < xD(yD2).
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Similarly, we get
xB(yDz) < (xPy)Dz. Hence, xDy)Dz = xD(yD2).
Thus, the hyperoperation @ is associative.
Consider the element 0 = 0 + N € M/N. Now, for any x € M, we have
XP0=1{zZ | zeEX+0} =%

Similarly, 06px = X. Thus, 0 is the zero element of M/N.

Let x € M, then X®(—x)={Z | z € x + (—x) =x — x}. Since 0 € x — x, we get, 0 € XP(—x). Simi-
larly, 0 € (-x)@Xx. Let X € M/N, and suppose that y € M/N such that 0 € yPX, then 0 =a,
where a € y + x. That is, y € a— x €& N — x, and hence y = —X. Thus, the element X € M/N has a
unique inverse —X € M/N. Suppose that Z € X@Yy, then Z = @, where a € x +y. This implies,

Xx€a—yESz+N-—y. Thatis,x €Er+ N, wherer € z—y. Thus, X =7 € Z(—y). Similarly, we can
show that y € (—x)@z. Since M is commutative, it is obvious that M/N is also commutative. Thus,
M/N is a canonical hypergroup.

Theorem 2.7.'"I Let (M, +) be a canonical hypergroup, and let N be a normal subcanonical hyper-
group of M. Then, (M/N, @) is an abelian group.

RESULTS

Definition 3.1. Let (M, +) be a canonical hypergroup, and p be an equivalence relation on M, then p
is called:

1) Regular if for all a, b € M, apb implies that for every x € M, for every u € a + x there exists
v € b + x such that upv and for every v € b + x there exists '€ a + x such that upv'.

2) Strongly regular if for all a, b € M, apb implies that for every x € M, for every u€a +x
and for every v € b + x one has upv.

Proposition 3.2.161 Let (M, +) is a canonical hypergroup, and let N be a normal subcanonical hyper-
group of M. Then, for all x, y € N, the following are equivalent:

i. Y€Ex+N,
ii. x—yC&N,
iii. (x—-y)NN+®.
Proof.

(i = ii). Since y € x + N, we have y —x € x + N — x, and since N is normal subcanonical hyper-
group of M, we getx + N—x € N. Thus, y—x € N. That is, — (y — x) € N, and hence x—yC
N.

(ii = iii). Is obvious.

(iii = i). Since (x —y) N N # @, there exists a € x —y and a € N. Therefore,—-y + xS -y +ta+yC
N.Ifz € —y + x, then z € N. Therefore, —y € z—x. Thatis,yEx—zSx + N. R
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Now, if (M, +) is a canonical hypergroup, then we can establish the following connection between
regular relations on M and subcanonical hypergroups of M, and establishe a similar connection be-
tween strongly regular relations on M and normal sub-canonical hypergroups of M as follows:

i. If pisaregular relation on M. Then the equivalence class p(0) is a subcanonical hypergroup of
M, where 0 is a neutral element of M. For a, b € M, we have

apb iff a € b+ p(0).

ii.  If p is a strongly regular relation on M. Then the equivalence class p(0) is a normal subcanoni-
cal hypergroup of M, where 0 is a neutral element of M. For a, b € M, we have

apb iff a—b < p(0).
Theorem 3.3. Let (M, +) be a canonical hypergroup, and let N be a normal subcanonical hyper-
group of M. If a, b are elements in M, then the binary relation p defined on M by:
apb iff a-bC N,
is a strongly regular on M with p(0) = N.
Proof. Let a, b, c € M. Clearly, a € a + 0, implies
a—aSa+0—-aSa+N—-aC N

So p is reflexive. Also,a —b S Nif and only if b —a € N. So p is symmetric. For transitivity, if a —
b € Nand b — ¢ € N then by normality of NV, we have

a—b+b—c=a-b+0+tb—cSa+N-cSa—c+NCN,

a-cSN.

Thus p is an equivalence relation on M.

Next, to prove that the equivalence relation p is a strongly regular on M, suppose that apb then a — b
CNletxeM,if u€a+xandv€b + x, then

u-vCat+x—-(b+tx)=a+tx-x+b)=a+(x-x)-b<Sa+(x+0-x)-b<Sa+N-bCSN,so
upv, thus

(a +x)p(b + x).
Hence p is a strongly regular relation on M.

Now, to prove that p(0) is a normal subcanonical hypergroup of M. Let a, b € p(0), then ap0 and
bp0, since p is a strongly regular relation on M. this imply that

(a+b)p(0 +0),
this means that, for all u € a + b and 0 € 0 + 0, we have up0, it follows that
u € p(0), so a + b < p(0).

Since a € p(0) it follows that —a € p(0). Therefore p(0) is a subcanonical hypergroup of M. For
normality of p(0), let @ € p(0) and x € M, then

(x +a)p(x +0),
this implies that (x + a)px,
it follows that (x +a—x)p(x —x),
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then (x +a—x)p0, since 0 € x —x.
Therefore, x + a —x S p(0).
Thus p(0) is a normal subcanonical hypergroup of M.

Finally, to prove that p(0) = N, if a € p(0) then ap0 implies a — 0 S N, so a € N, thus p(0) S N.
Conversly, if a € N then a — 0 € N, it follows that ap0 implies a € p(0), thus N € p(0). Hence,
p(0)=N. 1

CONCLUSION

By strongly regular relation defined on a canonical hypergroup M, the equivalence class p(0) is ex-
actly a normal subcanonical hypergroup of M.
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