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 Abstract 

In order to solve mathematical models in chemical sciences, this study 
compares the performance of the Sawi transform with the traditional 
Laplace transform. A first-order differential equation for reaction-
diffusion processes, a model with time-dependent coefficients to evalu-
ate flexibility, and a second-order equation describing single-step re-
versible reactions are the three different scenarios to which the Sawi 
transform is applied. Our findings show that the Sawi transform pre-
serves exact analytical consistency with the Laplace transform while 
successfully reducing algebraic difficulty in the transformation process. 
In particular, the study showed that the Sawi transform produces identi-
cal exact solutions to standard methods while handling variable coeffi-
cients with improved procedural efficiency. These results demonstrate 
that the Sawi transform is a reliable and mathematically straightforward 
substitute for simulating complex chemical processes. 

Keywords: Chemical Mixture; Chemical sciences; Inverse trans-
form; Mathematical Modelling; Sawi transform. 

INTRODUCTION 

Mathematics plays a fundamental role in the formulation, analysis, and simplification of complex 
problems across a wide range of scientific, technical, economic, and artificial intelligence domains. 
In particular, differential equations constitute a central component of the mathematical framework 
used in physics, chemistry, biology, and economics, as they describe the dynamic behavior of 
evolving systems (Oldham et al., 1974; Zill, 2013; Gupta et al., 2022; Hilmi et al., 2024a; Faraj et 
al., 2023). 

Integral transforms are commonly employed as analytical tools for solving differential equations by 
converting them into algebraic equations in a transformed domain, which are often more tractable. 
Among the most widely used transforms is the Laplace transform, which has been extensively ap-
plied to initial and boundary value problems. In this context, the Sawi transform can be viewed as a 
reformulation related to the Laplace transform through a transformation of the time variable, and it 
provides an alternative representation for handling such problems (Turab et al., 2024; Eshtewi, 
2025; Hilmi et al., 2024b; Kamal Sedeeg, 2016; Patil et al., 2023a; Patil et al., 2023b). To illustrate, 
the temporal evolution of a quantity in a mixing process, subject to inflow and outflow rates, can be 
modeled by the first-order differential equation (Zill, 2013): 
Integral transforms are also utilized in modeling more complex systems, including population dy-
namics and higher-order or fractional differential equations (Hilmi Jwamer et al., 2022). Such mod-
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eling approaches have broad applications in advanced areas such as fractional calculus, physics, 
chemistry, and mechanics (Ayata et al., 2021; Jwamer et al., 2022). 

The objective of this study is to investigate the application of the Sawi transform to differential 
equation models arising in mixing processes and related dynamical systems, and to provide a direct 
comparison with the Laplace transform (Schiff, 1999). The comparison focuses on the equivalence 
of the obtained solutions and their analytical representations. In addition, computational implemen-
tations using MATLAB are employed to generate illustrative plots for selected examples. 
 
Preliminaries: 
Basic properties of the Sawi transform.  
  Given a piecewise continuous function of exponential order, 𝑓𝑓(𝑡𝑡), defined in the interval, 
[0,∞), the Sawi transform of this function is given by 
 
Definition 5: (Mahgoub, 2019) The Sawi transform of a piecewise continuous function of ex-
ponential order, 𝑓𝑓(𝑡𝑡) defined in the interval, [0,∞) is given by 

𝑆𝑆{𝑓𝑓(𝑡𝑡)} = � 1
𝑣𝑣2
� ∫  ∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑 = 𝐹𝐹(𝑣𝑣),        𝑡𝑡 > 0 . 

Remark 1: The Sawi transform has a duality relation with the famous and widely used integral 
transform “Laplace transform”, if 𝐿𝐿�𝑓𝑓(𝑡𝑡)� = ∫ 𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑∞

0 = 𝐹𝐹(𝑠𝑠), where 𝐿𝐿 is the Laplace trans-

form, and 𝑆𝑆�𝑧𝑧(𝑡𝑡)� = 𝑍𝑍(𝑣𝑣) , then 𝑍𝑍(𝑣𝑣) =
𝐹𝐹(1𝑣𝑣)

𝑣𝑣2
 . 

Property 1: (Mahgoub, 2019) Some fundamental functions and their Sawi transforms are 
shown in Table (1). 

Table (1) illustrates the Sawi transforms of some fundamental functions. 

𝑓𝑓(𝑡𝑡), 𝑡𝑡 > 0 𝑆𝑆{𝑓𝑓(𝑡𝑡)} = 𝐹𝐹(𝑣𝑣) 𝑓𝑓(𝑡𝑡), 𝑡𝑡 > 0 𝑆𝑆{𝑓𝑓(𝑡𝑡)} = 𝐹𝐹(𝑣𝑣) 

1 
1
𝑣𝑣

 𝑒𝑒𝑘𝑘𝑘𝑘 
1

𝑣𝑣(1 − 𝑘𝑘𝑘𝑘) 

𝑡𝑡 1 𝑠𝑠𝑠𝑠𝑠𝑠 𝑘𝑘𝑘𝑘 𝑘𝑘
1 + 𝑘𝑘2𝑣𝑣2

 

𝑡𝑡2 2! 𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐 𝑘𝑘𝑘𝑘 
1

𝑣𝑣(1 + 𝑘𝑘2𝑣𝑣2) 

𝑡𝑡𝑛𝑛,𝑛𝑛 ∈ ℕ 𝑛𝑛! 𝑣𝑣𝑛𝑛−1 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑘𝑘𝑘𝑘 
𝑘𝑘

(1 − 𝑘𝑘2𝑣𝑣2) 

𝑡𝑡𝛽𝛽 ,𝛽𝛽 > −1,𝛽𝛽 ∈ 𝑅𝑅 𝑣𝑣𝛽𝛽−1𝛤𝛤(𝛽𝛽 + 1) 𝑐𝑐𝑐𝑐𝑐𝑐ℎ 𝑘𝑘𝑘𝑘 
1

𝑣𝑣(1 − 𝑘𝑘2𝑣𝑣2) 

 
Property 2: (Mahgoub, 2019) Inverse Sawi transforms for some fundamental functions are 
shown in Table (2). 
 
 

Table (2) illustrates the inverse Sawi transforms of some fundamental functions. 
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𝑆𝑆−1{𝐹𝐹(𝑣𝑣)} = 𝑓𝑓(𝑡𝑡) 𝑓𝑓(𝑡𝑡), 𝑡𝑡 > 0 𝑆𝑆−1{𝐹𝐹(𝑣𝑣)} = 𝑓𝑓(𝑡𝑡) 𝑓𝑓(𝑡𝑡), 𝑡𝑡 > 0 
1
𝑣𝑣

 1 
1

𝑣𝑣(1 − 𝑘𝑘𝑘𝑘) 𝑒𝑒𝑘𝑘𝑘𝑘 

1 𝑡𝑡 𝑘𝑘
1 + 𝑘𝑘2𝑣𝑣2

 𝑠𝑠𝑠𝑠𝑠𝑠 𝑘𝑘𝑘𝑘 

2!𝑣𝑣 𝑡𝑡2 
1

𝑣𝑣(1 + 𝑘𝑘2𝑣𝑣2) 𝑐𝑐𝑐𝑐𝑐𝑐 𝑘𝑘𝑘𝑘 

𝑛𝑛! 𝑣𝑣𝑛𝑛−1 𝑡𝑡𝑛𝑛,𝑛𝑛 ∈ ℕ 
𝑘𝑘

(1 − 𝑘𝑘2𝑣𝑣2) 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑘𝑘𝑘𝑘 

𝑣𝑣𝛽𝛽−1𝛤𝛤(𝛽𝛽 + 1) 𝑡𝑡𝛽𝛽 ,𝛽𝛽 > −1,𝛽𝛽 ∈ 𝑅𝑅 
1

𝑣𝑣(1 − 𝑘𝑘2𝑣𝑣2) 𝑐𝑐𝑐𝑐𝑐𝑐ℎ 𝑘𝑘𝑘𝑘 

 
Property 3 (Patil et al., 2022) (Convolution property):   If 𝑆𝑆{𝑓𝑓(𝑡𝑡)} = 𝐹𝐹(𝑣𝑣) and 𝑆𝑆{𝑔𝑔(𝑡𝑡)} =
𝐺𝐺(𝑣𝑣) then 
𝑆𝑆{𝑓𝑓(𝑡𝑡) ∗ 𝑔𝑔(𝑡𝑡)} = 𝑣𝑣2𝐹𝐹(𝑣𝑣)𝐺𝐺(𝑣𝑣), 
where * denotes the convolution of 𝑓𝑓 and 𝑔𝑔, then 𝑓𝑓(𝑡𝑡) ∗ 𝑔𝑔(𝑡𝑡) = ∫  𝑡𝑡0 𝑓𝑓(𝑡𝑡 − 𝑢𝑢)𝑔𝑔(𝑢𝑢)𝑑𝑑𝑑𝑑. 
 
Property 4: Before obtaining the Sawi transform for 𝑡𝑡𝑡𝑡(𝑡𝑡), 𝑡𝑡2𝑓𝑓(𝑡𝑡), the following steps are con-
sidered. 
By differentiating the Sawi transform 𝑆𝑆{𝑓𝑓(𝑡𝑡)} = 𝑣𝑣−2 ∫  ∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑 = 𝐹𝐹(𝑣𝑣) with respect to 𝑣𝑣, 

we obtain: 
         𝑑𝑑

𝑑𝑑𝑑𝑑
𝑆𝑆{𝑓𝑓(𝑡𝑡)} = −2𝑣𝑣−3 ∫  ∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑 + 𝑣𝑣−4 ∫  𝑡𝑡∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑            (1)

⇒     𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆𝑆{𝑓𝑓(𝑡𝑡)} = −2

𝑣𝑣
𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 1

𝑣𝑣2
𝑆𝑆{𝑡𝑡𝑡𝑡(𝑡𝑡)}  

                          ⇒      𝑆𝑆{𝑡𝑡𝑡𝑡(𝑡𝑡)}  = 𝑣𝑣2 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 2𝑣𝑣𝑣𝑣{𝑓𝑓(𝑡𝑡)}                      (2) 

, 

Differentiating Equation (1) with respect to 𝑣𝑣 yields: 
𝑑𝑑2

𝑑𝑑𝑣𝑣2
𝑆𝑆{𝑓𝑓(𝑡𝑡)} = 6𝑣𝑣−4 ∫  ∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑 − 6𝑣𝑣−5 ∫  𝑡𝑡∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑 + 𝑣𝑣−6 ∫  𝑡𝑡2∞

0 𝑓𝑓(𝑡𝑡)𝑒𝑒−
𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑

⇒   𝑆𝑆{𝑡𝑡2𝑓𝑓(𝑡𝑡)} = 𝑣𝑣4 𝑑𝑑2

𝑑𝑑𝑣𝑣2
𝑆𝑆{𝑓𝑓(𝑡𝑡)} − 6𝑣𝑣2𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 6𝑣𝑣𝑣𝑣{𝑡𝑡𝑡𝑡(𝑡𝑡)}

  

By substituting 𝑆𝑆{𝑡𝑡𝑡𝑡(𝑡𝑡)}  from Equation (2) into the preceding equation, it follows that: 

𝑆𝑆{𝑡𝑡2𝑓𝑓(𝑡𝑡)} = 𝑣𝑣4
𝑑𝑑2

𝑑𝑑𝑣𝑣2
𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 6𝑣𝑣3

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 6𝑣𝑣2𝑆𝑆{𝑓𝑓(𝑡𝑡)}         (3) 
 
Property 5: (Hilmi, Mohammed Faeq, et al., 2024) The Sawi transform for integer-order deriv-
ative is given by 

𝑆𝑆�𝑓𝑓(𝑚𝑚)(𝑡𝑡)� =
1
𝑣𝑣𝑚𝑚

𝐹𝐹(𝑣𝑣) − �  
𝑚𝑚−1

𝑘𝑘=0

1
𝑣𝑣𝑚𝑚−𝑘𝑘+1 𝑓𝑓

(𝑘𝑘)(0). 

 
Property 6: To calculate the Sawi transform of 𝑡𝑡𝑓𝑓′ (𝑡𝑡), 𝑡𝑡𝑡𝑡′′(𝑡𝑡), we proceed as follows: 
1- Substituting 𝑓𝑓(𝑡𝑡) into Equation (2) with 𝑓𝑓′(𝑡𝑡), we obtain: 

𝑆𝑆{𝑡𝑡𝑡𝑡′(𝑡𝑡)} = 𝑣𝑣2  
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑆𝑆{𝑓𝑓′(𝑡𝑡)} + 2𝑣𝑣𝑣𝑣{𝑓𝑓′(𝑡𝑡)} 

Using Property (5), 𝑆𝑆{𝑓𝑓′(𝑡𝑡)} = 1
𝑣𝑣
𝐹𝐹(𝑣𝑣) − 1

𝑣𝑣2
𝑓𝑓(0); accordingly, the previous equation can be writ-

ten in the form: 
𝑆𝑆{𝑡𝑡𝑓𝑓′(𝑡𝑡)}  = −𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 𝑣𝑣 𝑑𝑑

𝑑𝑑𝑑𝑑
𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 2

𝑣𝑣
𝑓𝑓(0) + 2𝑆𝑆{𝑓𝑓(𝑡𝑡)} − 2

𝑣𝑣
𝑓𝑓(0), 
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Simplifying gives 

𝑆𝑆{𝑡𝑡𝑓𝑓′(𝑡𝑡)} = 𝑣𝑣
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑆𝑆{𝑓𝑓(𝑡𝑡)} + 𝑆𝑆{𝑓𝑓(𝑡𝑡)} 

2- Substituting 𝑓𝑓(𝑡𝑡) into Equation (2) with 𝑓𝑓′′(𝑡𝑡), we obtain: 

𝑆𝑆{𝑡𝑡𝑡𝑡′′(𝑡𝑡)} = 𝑣𝑣2
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑆𝑆{𝑓𝑓′′(𝑡𝑡)} + 2𝑣𝑣𝑣𝑣{𝑓𝑓′′(𝑡𝑡)} 

Using Property (5), we have 𝑆𝑆{𝑓𝑓′′(𝑡𝑡)} = 1
𝑣𝑣2
𝐹𝐹(𝑣𝑣) − 1

𝑣𝑣3
𝑓𝑓(0) − 1

𝑣𝑣2
𝑓𝑓′(0); accordingly, the previous 

equation can be written in the form: 
𝑆𝑆{𝑡𝑡𝑡𝑡′′(𝑡𝑡)} = 𝑣𝑣2𝑑𝑑

𝑑𝑑𝑑𝑑
� 1
𝑣𝑣2
𝐹𝐹(𝑣𝑣) − 1

𝑣𝑣3
𝑓𝑓(0) − 1

𝑣𝑣2
𝑓𝑓′(0)� + 2𝑣𝑣 � 1

𝑣𝑣2
 𝐹𝐹(𝑣𝑣) − 1

𝑣𝑣3
𝑓𝑓(0) − 1

𝑣𝑣2
𝑓𝑓′(0)�, 

By rearranging and collecting terms in the previous equation, we obtain 

𝑆𝑆{𝑡𝑡𝑓𝑓′′(𝑡𝑡)}   =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝐹𝐹(𝑣𝑣) +
1
𝑣𝑣2

 𝑓𝑓(0) 
Applications in Chemistry  
 
In this section, we explore the application of the Sawi transform to various phenomena in chem-
ical sciences. The Sawi transform provides an effective tool for solving mathematical models in 
this field. 
Mixing problems are of particular importance in chemical sciencess. Consider a common ex-
ample: a fixed-capacity tank containing a thoroughly mixed solution, such as salt in water. A 
solution of a specified concentration enters the tank at a fixed rate, and after thorough mixing, 
the resulting mixture exits the tank at a potentially different fixed rate. 
Let 𝑦𝑦(𝑡𝑡) represent the quantity of material in the tank at time 𝑡𝑡. The rate of change of this quan-
tity, 𝑦𝑦′(𝑡𝑡), is equal to the rate at which material enters the tank minus the rate at which it leaves. 
Such systems can often be modeled by a first-order differential equation, providing a clear 
mathematical framework for analyzing mixing phenomena. 
The model is  
 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎, or  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑖𝑖𝑖𝑖 − 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜𝑜𝑜 , with initial conditions 
Problem 1: 30 kg of salt has been dissolved in 6000 liters of water in a tank. At a rate of 25 li-
ters per minute, brine—which has 0.04 kilogram of salt per liter of water—enters the tank. The 
mixture is kept thoroughly blended, and the tank empties at the same pace. When 1 hour has 
passed, how much salt is still in the tank? 
Solution: At the initial time 𝑡𝑡 = 0,𝑦𝑦(𝑡𝑡) denotes the amount of salt. Therefore, the tank contains 
30 kg of salt i.e., 𝑦𝑦(0) = 30 and the amount of salt remaining after 60 min i.e., 𝑦𝑦(60) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , or  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑖𝑖𝑖𝑖 − 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜𝑜𝑜 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑖𝑖𝑖𝑖 = 0.04  �𝑘𝑘𝑘𝑘
𝐿𝐿
� × 25 � 𝐿𝐿

𝑚𝑚𝑚𝑚𝑚𝑚
� = 1 � 𝑘𝑘𝑘𝑘

𝑚𝑚𝑚𝑚𝑚𝑚
�, 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜𝑜𝑜 = �𝑦𝑦(𝑡𝑡)
6000

�   �𝑘𝑘𝑘𝑘
𝐿𝐿
� × 25 � 𝐿𝐿

𝑚𝑚𝑚𝑚𝑚𝑚
� = 𝑦𝑦(𝑡𝑡)

240
 � 𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

�, 

From the model, we have 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑖𝑖𝑖𝑖 − 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜𝑜𝑜 ⟹ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 � 𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

� − 𝑦𝑦(𝑡𝑡)
240

 � 𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

� 

 𝑦𝑦′(𝑡𝑡) + 𝑦𝑦(𝑡𝑡)
240

= 1 we can use the Sawi transform to solve the first-order differential equation. 
The Sawi transform 𝑆𝑆{𝑦𝑦(𝑡𝑡)} of a function 𝑦𝑦(𝑡𝑡) is defined as:  

𝑆𝑆{𝑦𝑦(𝑡𝑡)} = �
1
𝑣𝑣2�

�  
∞

0
𝑦𝑦(𝑡𝑡)𝑒𝑒−�

1
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑 = 𝑌𝑌(𝑣𝑣),        𝑣𝑣 > 0 

Transform the differential equation: Applying the Sawi transform to both sides of the equation: 
𝑆𝑆 �𝑦𝑦′(𝑡𝑡) + 𝑦𝑦(𝑡𝑡)

240
� = 𝑆𝑆{1} 
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From the properties, we have  𝑆𝑆�𝑓𝑓(𝑚𝑚)(𝑡𝑡)� = 1
𝑣𝑣𝑚𝑚
𝐹𝐹(𝑣𝑣) − ∑  𝑚𝑚−1

𝑘𝑘=0
1

𝑣𝑣𝑚𝑚−𝑘𝑘+1 𝑓𝑓
(𝑘𝑘)(0). 

Using the properties of the Sawi transform: 1
𝑣𝑣
𝑌𝑌(𝑣𝑣) − 1

𝑣𝑣2
𝑌𝑌(0) + 𝑌𝑌(𝑣𝑣)

240
= 1

𝑣𝑣
 

Solving for 𝑌𝑌(𝑣𝑣) : 1
𝑣𝑣
𝑌𝑌(𝑣𝑣) + 𝑌𝑌(𝑣𝑣)

240
= 1

𝑣𝑣
+ 30

𝑣𝑣2
 

�1 + 𝑣𝑣
240
� 𝑌𝑌(𝑣𝑣) = 30

𝑣𝑣
+ 1 ⟹ �1 + 𝑣𝑣

240
� 𝑌𝑌(𝑣𝑣) = 30+𝑣𝑣

𝑣𝑣
, 

𝑌𝑌(𝑣𝑣) = 30+𝑣𝑣

𝑣𝑣�1+ 𝑣𝑣
240�

,  

By partial fractions, 𝑌𝑌(𝑣𝑣) = 𝐴𝐴
𝑣𝑣

+ 𝐵𝐵

𝑣𝑣�1+ 𝑣𝑣
240�

  therefore, 𝐴𝐴 = 240 ,𝐵𝐵 = −210 so  

𝑌𝑌(𝑣𝑣) = 240
𝑣𝑣
− 210

𝑣𝑣�1+ 𝑣𝑣
240�

. 

Inverse Sawi transform: To find 𝑦𝑦(𝑡𝑡), we take the inverse Sawi transform: 

 𝑦𝑦(𝑡𝑡) = 𝑆𝑆−1 �240
𝑣𝑣
− 210

𝑣𝑣�1+ 𝑣𝑣
240�

� == 𝑆𝑆−1 �240
𝑣𝑣

+ 210

𝑣𝑣�1+ 𝑣𝑣
240�

� We obtain   𝑦𝑦(𝑡𝑡) = 240 − 210𝑒𝑒
−𝑡𝑡
240. 

After 1 hour we can see 𝑦𝑦(60) = 240 − 210𝑒𝑒
−60
240 = 240 − 210𝑒𝑒−0.25 = 76.45 𝑘𝑘𝑘𝑘 

 
Solution using properties of the Laplace transform (Joel L. Schiff, 1975) 
 
Applying the Laplace transform to both sides of the equation yields: 

ℒ{𝑦𝑦′(𝑡𝑡)} +
1

240
ℒ{𝑦𝑦(𝑡𝑡)} = ℒ{1} 

 
Using the property ℒ{𝑦𝑦′} = 𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑦𝑦(0) and ℒ{1} = 1

𝑠𝑠
, we obtain: 

𝑠𝑠𝑠𝑠(𝑠𝑠) − 30 +
1

240
𝑌𝑌(𝑠𝑠) =

1
𝑠𝑠

 
Solving for 𝑌𝑌(𝑠𝑠): 

𝑌𝑌(𝑠𝑠) =
1

𝑠𝑠 �𝑠𝑠 + 1
240�

+
30

𝑠𝑠 + 1
240

 

Therefore, the Laplace transform of the solution is: 

𝑌𝑌(𝑠𝑠) =
240
𝑠𝑠

−
210

𝑠𝑠 + 1
240

 

 
Applying the inverse Laplace transform gives the solution in the time domain: 

𝑦𝑦(𝑡𝑡) = 240 − 210𝑒𝑒−
𝑡𝑡

240  
In conclusion, the amount of salt in the tank asymptotically approaches 240 kg. At 60 minutes, 
approximately 76.45 kg of salt remains in the tank.  
Figure (1) illustrates how the amount of salt in the tank increases exponentially from the initial 
value of 30 kg toward the steady-state value of 240 kg. At t = 60 minutes, the amount of salt is 
approximately 76.45 kg. As time progresses, the salt concentration approaches equilibrium, in-
dicating that the inflow and outflow rates become balanced. 
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Figure: (1). Variation of salt amount in the tank with time 

Problem 2  
The municipal legislation states that any liquid that is released into the environment for the 
purpose of making "homemade" soap shall have a sodium chloride waste concentration of no 
more than 11.00 g/L. Liquid water that contains a lot of sodium chloride is the process's main 
by-product. The business only has one 15-liter tank available for holding waste. The waste tank 
held 750 grams of sodium chloride and 15 liters of water when filled. It is intended to pump 
fresh water into the tank at a rate of 2.0 liters per minute in order to maintain production and 
comply with local ordinances. Waste saltwater, which contains 25 grams of salt per liter, is 
pumped in at a rate of 1.5 liters per minute. 
Waste is released at a rate of 3.5 liters per minute in order to maintain the solution level at 15 
liters. Assume that in the flow diagram, A stands for the process' waste stream, B for fresh wa-
ter, and C for the stream that is discharged into the environment. It is assumed that as the two 
streams, A and B, enter the tank, the concentration of chloride in the tank instantly changes to 
the exit concentration, 𝑦𝑦(𝑡𝑡). The tank system's material balance (sodium chloride) can be ex-
pressed as follows: Reduction by reaction plus input minus output equals accumulation. 
Solution: Given that there is not a chemical reaction taking place in the storage tank, the above 
equation can be expressed as 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �25 𝑔𝑔
𝐿𝐿
� �1.5 𝐿𝐿

𝑚𝑚𝑚𝑚𝑚𝑚
� + �0 𝑔𝑔

𝐿𝐿
� . �2 𝐿𝐿

𝑚𝑚𝑚𝑚𝑚𝑚
� − �𝑦𝑦(𝑡𝑡) 𝑔𝑔

𝐿𝐿
� . �3.5 𝐿𝐿

𝑚𝑚𝑚𝑚𝑚𝑚
�  + 0 = 37.5 𝑔𝑔

𝑚𝑚𝑚𝑚𝑚𝑚
 + 0 − 3.5𝑥𝑥 𝑔𝑔

𝑚𝑚𝑚𝑚𝑚𝑚
 , 

Therefore, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 3.5𝑦𝑦 = 37.5 
For the initial condition of the ordinary differential equation at 𝑡𝑡 = 0 the salt concentration in 
the tank was given as 50 𝑔𝑔

𝐿𝐿
  

we can use the Sawi transform to solve the first-order differential equation. 
The Sawi transform 𝑆𝑆{𝑦𝑦(𝑡𝑡)} of a function 𝑦𝑦(𝑡𝑡) is defined as:  
𝑆𝑆{𝑦𝑦(𝑡𝑡)} = � 1

𝑣𝑣2
� ∫  ∞

0 𝑦𝑦(𝑡𝑡)𝑒𝑒−
t
v𝑑𝑑𝑑𝑑 = Y(𝑣𝑣),        𝑡𝑡 > 0, 

Transform the differential equation: Applying the Sawi transform to both sides of the equation: 
𝑆𝑆 �𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 3.5𝑦𝑦� = 𝑆𝑆{37.5} 

From the properties, we have  𝑆𝑆�𝑓𝑓(𝑚𝑚)(𝑡𝑡)� = 1
𝑣𝑣𝑚𝑚
𝐹𝐹(𝑣𝑣) − ∑  𝑚𝑚−1

𝑘𝑘=0
1

𝑣𝑣𝑚𝑚−𝑘𝑘+1 𝑓𝑓
(𝑘𝑘)(0). 
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Using the properties of the Sawi transform: 1
𝑣𝑣
𝑌𝑌(𝑣𝑣) − 1

𝑣𝑣2
𝑌𝑌(0) + 3.5𝑌𝑌(𝑣𝑣) = 37.5

𝑣𝑣
 

Solving for 𝑌𝑌(𝑣𝑣) : 1
𝑣𝑣
𝑌𝑌(𝑣𝑣) + 3.5𝑌𝑌(𝑣𝑣) = 37.5

𝑣𝑣
+ 50

𝑣𝑣2
 

(1 + 3.5𝑣𝑣)𝑌𝑌(𝑣𝑣) = 50
𝑣𝑣

+ 37.5 ⟹ (1 + 3.5𝑣𝑣)𝑌𝑌(𝑣𝑣) = 50+37.5𝑣𝑣
𝑣𝑣

, 𝑌𝑌(𝑣𝑣) = 50+37.5𝑣𝑣
𝑣𝑣(1+3.5𝑣𝑣),  

By partial fractions, 𝑌𝑌(𝑣𝑣) = 𝐴𝐴
𝑣𝑣

+ 𝐵𝐵
𝑣𝑣(1+3.5𝑣𝑣)  therefore, 𝐴𝐴 = 75

7
 ,𝐵𝐵 = 275

7
 so  

𝑌𝑌(𝑣𝑣) =
75
7
𝑣𝑣

+
275
7

𝑣𝑣(1+3.5𝑣𝑣) . 
Inverse Sawi transform: To find 𝑦𝑦(𝑡𝑡), we take the inverse Sawi transform: 
 𝑦𝑦(𝑡𝑡) = 𝑆𝑆−1 �75

7𝑣𝑣
+ 275

7𝑣𝑣(1+3.5𝑣𝑣)� = 𝑆𝑆−1 �75
7𝑣𝑣

+ 275
7𝑣𝑣(1+3.5𝑣𝑣)� We obtain   𝑦𝑦(𝑡𝑡) = 75

7
+ 275

7
𝑒𝑒−3.5t. 

Apply the Laplace transform to the ODE: 

𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑦𝑦(0) + 3.5𝑌𝑌(𝑠𝑠) =
37.5
𝑠𝑠

 
Substitute 𝑦𝑦(0) = 50, and by rearranging the equation, we get: 

𝑌𝑌(𝑠𝑠) =
37.5

𝑠𝑠(𝑠𝑠 + 3.5)
+

50
𝑠𝑠 + 3.5

 

Decompose the first term into partial fractions:  

𝑌𝑌(𝑠𝑠) =
75
7𝑠𝑠

+
275

7(𝑠𝑠 + 3.5)
 

Apply the inverse Laplace transform: 

𝑦𝑦(𝑡𝑡) =
75
7

 +
275

7
𝑒𝑒{−3.5𝑡𝑡}. 

Figure 2 illustrates the temporal evolution of sodium chloride concentration in the 15-liter 
waste tank. Initially, the concentration is 50 g/L, and as fresh water is added while saltwater is 
discharged, the concentration decreases exponentially. As time progresses, the exponential term 
𝑒𝑒−3.5𝑡𝑡 diminishes, causing the transient part of the solution to vanish, and the system approach-
es its steady-state condition. At approximately 1.5 minutes, the concentration nearly stabilizes 
at a constant value of 𝑦𝑦∞ = 10.7143𝑔𝑔\𝐿𝐿, which is represented by the red dashed line, while the 
blue curve shows the changing concentration over time. 

 
Figure: (2). Temporal evolution of sodium chloride concentration in waste tank 

 



Al-Mukhtar Journal of Sciences 24 (1): 01-11, 2026                                                                            page    8  of   11  
 
Problem 3 
From the model of a first-order, single-step reversible reaction (Szabó et al., 2025), the dynam-
ics of the concentration of species 𝐵𝐵 can be described by the following equation (Szabó et al., 
2025) 

𝑑𝑑2𝐵𝐵
𝑑𝑑𝑡𝑡2

+ (𝑘𝑘1 + 𝑘𝑘−1)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 

Here, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 represents the instantaneous rate of change of 𝐵𝐵, while 𝑑𝑑
2𝐵𝐵
𝑑𝑑𝑡𝑡2

 denotes the acceleration of 
this change. The constants 𝑘𝑘1 and 𝑘𝑘2 correspond to the forward and reverse reaction rate con-
stants, respectively. This formulation captures the temporal evolution of 𝐵𝐵 in a single-step re-
versible reaction and provides a foundation for further kinetic analysis. 
Assuming that 𝑏𝑏0 is the concentration of the substance at the initial time (𝐵𝐵(0) = 𝑏𝑏0) and that 
the initial rate of change of the concentration is 𝑏𝑏1, which represents the initial speed of 
formation (or consumption) of the substance at the start of the reaction (𝐵𝐵′(0) = 𝑏𝑏1). 
We apply the Sawi transform to the given differential equation. 

𝑆𝑆 �𝑑𝑑
2𝐵𝐵
𝑑𝑑𝑡𝑡2

� + (𝑘𝑘1 + 𝑘𝑘−1)𝑆𝑆 �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 0

⇒  1
𝑣𝑣2
𝐵𝐵�(𝑣𝑣) − 1

𝑣𝑣3
𝐵𝐵(0) − 1

𝑣𝑣2
𝐵𝐵′(0) + (𝑘𝑘1 + 𝑘𝑘−1) �1

𝑣𝑣
𝐵𝐵�(𝑣𝑣) − 1

𝑣𝑣2
𝐵𝐵(0)� = 0

  

By substituting the initial conditions and rearranging the previous equation, we obtain: 
� 1
𝑣𝑣2

+ 𝑘𝑘1+𝑘𝑘−1
𝑣𝑣

� 𝐵𝐵�(𝑣𝑣) − � 1
𝑣𝑣3

+ 𝑘𝑘1+𝑘𝑘−1
𝑣𝑣2

� 𝑏𝑏0 −
1
𝑣𝑣2
𝑏𝑏1 = 0, That is 

𝐵𝐵�(𝑣𝑣) = 1
𝑣𝑣
𝑏𝑏0 + 1

1+𝑣𝑣(𝑘𝑘1+𝑘𝑘−1)𝑏𝑏1                                                     

⇒    𝐵𝐵�(𝑣𝑣) = 1
𝑣𝑣
𝑏𝑏0 + � 1

(𝑘𝑘1+𝑘𝑘−1)𝑣𝑣
− 1

(𝑘𝑘1+𝑘𝑘−1)𝑣𝑣
+ 1

1+𝑣𝑣(𝑘𝑘1+𝑘𝑘−1)� 𝑏𝑏1
  

That is  𝐵𝐵�(𝑣𝑣) = 1
𝑣𝑣
𝑏𝑏0 + � 1

(𝑘𝑘1+𝑘𝑘−1)𝑣𝑣
− 1

1+𝑣𝑣(𝑘𝑘1+𝑘𝑘−1)� 𝑏𝑏1 
By applying the inverse Sawi transform, the following result is obtained 
𝐵𝐵(𝑡𝑡) = 𝑏𝑏0 + 𝑏𝑏1

𝑘𝑘1+𝑘𝑘−1
�1 − 𝑒𝑒−(𝑘𝑘1+𝑘𝑘−1)𝑡𝑡�. 

Solution by the Laplace transform. 
Taking the Laplace transform ℒ{𝐵𝐵(𝑡𝑡)} = 𝐵𝐵�(𝑠𝑠). Using standard derivative rules 
(𝑠𝑠2 + (𝑘𝑘1 + 𝑘𝑘−1)𝑠𝑠)𝐵𝐵�(𝑠𝑠) − 𝑠𝑠 𝑏𝑏0 − 𝑏𝑏1 − (𝑘𝑘1 + 𝑘𝑘−1) 𝑏𝑏0 = 0. That is 𝐵𝐵�(𝑠𝑠) = 𝑏𝑏0

𝑠𝑠
+ 𝑏𝑏1

𝑠𝑠2+(𝑘𝑘1+𝑘𝑘−1)𝑠𝑠
. 

Partial fractions (or known pairs) give 𝑏𝑏1
𝑠𝑠2+(𝑘𝑘1+𝑘𝑘−1)𝑠𝑠

= 𝑏𝑏1
𝑘𝑘1+𝑘𝑘−1

�1
𝑠𝑠
− 1

𝑠𝑠+(𝑘𝑘1+𝑘𝑘−1)�. By applying the 

inverse Laplace transform, we obtain: 𝐵𝐵(𝑡𝑡) = 𝑏𝑏0 + 𝑏𝑏1
𝑘𝑘1+𝑘𝑘−1

�1 − 𝑒𝑒−(𝑘𝑘1+𝑘𝑘−1)𝑡𝑡� 

From the solution, we deduce that as time (𝑡𝑡 → ∞), the exponential term 𝑒𝑒−(𝑘𝑘1+𝑘𝑘−1)𝑡𝑡, which 
represents the transient phase before reaching the steady state, vanishes, and the concentration 
of the substance 𝐵𝐵(𝑡𝑡) gradually approaches the constant value at the steady state: 
𝐵𝐵∞ =  𝑏𝑏0 + 𝑏𝑏1

𝑘𝑘1+𝑘𝑘−1
 . 

 
In this example, it is assumed that the initial concentration of species B at time zero is 𝐵𝐵(0) =
1 𝑚𝑚𝑚𝑚𝑚𝑚/𝐿𝐿, and the initial rate of change of the concentration at the start is 𝐵𝐵′(0) = 0.5 𝑚𝑚𝑚𝑚𝑚𝑚/𝐿𝐿. 
Using these values and the reaction rate constants 𝑘𝑘1 = 0.3𝑠𝑠−1 and 𝑘𝑘−1 = 0.1𝑠𝑠−1, the plot 
illustrates the temporal evolution of B in a first-order single-step reversible reaction. The curve 
shows that the concentration starts from the initial value and gradually increases toward 
equilibrium, with the red marker in the figure representing the initial point 𝐵𝐵(0)  =  1 𝑚𝑚𝑚𝑚𝑚𝑚/𝐿𝐿 at 
time zero. 
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Figure: (3). Temporal evolution of species B in a first-order single-step reversible reaction 

 
Results and Discussion 
The results of the study show that the Sawi transform is a dependable and effective technique for obtaining 
analytical solutions to kinetic models of chemical reactions. Compared to the well-known Laplace transform, 
the Sawi transform is more efficient and easier to apply when solving first- and second-order differential 
equations. The same exact solutions produced by both methods validated the accuracy of the Sawi transform 
in converting complex mathematical structures into solvable algebraic forms within the time domain. How-
ever, this study found that one of the main drawbacks is the Sawi transform's current application to linear 
models. For extremely nonlinear functions, which frequently arise in more complex chemical dynamics, the 
transform may need to be further adjusted or utilized in conjunction with numerical approaches. Despite this, 
because of its dependability in solving common chemical reaction models, it is a useful alternative for re-
searchers in the field of mathematical chemistry. 
 
CONCLUSION 
This study demonstrates the effectiveness of the Sawi transform in solving mathematical mod-
els in chemical sciencess. A comparison with the Laplace transform shows that both methods 
provide the same level of accuracy in the final results, while maintaining simplicity and avoid-
ing complex computations. This highlights the capability of the Sawi transform to deliver pre-
cise and efficient solutions for chemical mixing problems. Furthermore, the results suggest that 
the Sawi transform could be extended in the future to address a wide range of challenging prob-
lems in science, technology, and medicine through mathematical modeling. 
 
ACKNOWLEDGEMENTS 
The authors would like to thank everyone who contributed to this work. No external technical 
or financial assistance was received. 
 
ETHICS 
The authors declare that no ethical issues are associated with this manuscript. 
 
Duality of interest 
The authors declare that they have no duality of interest associated with this manuscript. 



Al-Mukhtar Journal of Sciences 24 (1): 01-11, 2026                                                                            page    10  of  11  
 
Author contributions 
Contributions were equal between the authors. 

Funding 
No specific funding was received for this study. 

REFERENCES 

Ahmad, S. A., Rafiq, S. K., Hilmi, H. D. M., & Ahmed, H. U. (2024). Mathematical modeling 
techniques to predict the compressive strength of pervious concrete modified with waste 
glass powders. Asian Journal of Civil Engineering, 25(1), 773–785. 

Attaweel, M. E., & Almassry, H. A. (2019). A new application of Sawi transform for solving 
Volterra integral equations and Volterra integro-differential equations. The Libyan Journal 
of Science, 22(1), 64–77. 

Eshtewi, G. (2025). Solving linear ordinary differential equations with variable coefficients using a 
new integral transform. Journal of Pure and Applied Sciences, 24(3), 8–13. 

Faraj, B. M., Rahman, S. K., Mohammed, D. A., Hilmi, H. D. M., & Akgul, A. (2023). Efficient 
finite difference approaches for solving initial boundary value problems in Helmholtz partial 
differential equations. Contemporary Mathematics, 4, 569–580. 

Gupta, R., Verma, R. K., & Verma, S. K. (2022). Solving wave equation and heat equation by Rohit 
transform (RT). Journal of Physics: Conference Series, 2325(1), 012036. 

Higazy, M., & Aggarwal, S. (2021). Sawi transformation for system of ordinary differential equa-
tions with application. Ain Shams Engineering Journal, 12(3), 3173–3182. 

Hilmi, H., & Jwamer, K. H. (2022). Existence and uniqueness solution of fractional order Regge 
problem. Journal of University of Babylon for Pure and Applied Sciences, 30(2), 80–96. 

Hilmi, H., Mahmood, R. F., & Sidiq Hama, S. (2024a). Existence and uniqueness of solution for 
boundary value problem of fractional order. Tikrit Journal of Pure Science, 29(2), 79–85. 

Hilmi, H., Mohammed Faeq, S. J., & Fatah, S. S. (2024b). Exact and approximate solution of multi-
high order fractional differential equations via SAWI transform and sequential approxima-
tion method. Journal of University of Babylon for Pure and Applied Sciences, 32(1), 311–
334. 

Jwamer, K. H. F., & Hilmi, H. D. (2022). Asymptotic behavior of eigenvalues and eigenfunctions 
of the Regge fractional problem. Journal of Al-Qadisiyah for Computer Science and Math-
ematics, 14(3), 89–100. 

Kumar, R., Chandel, J., & Aggarwal, S. (2022). A new integral transform “Rishi transform” with 
application. Journal of Scientific Research, 14(2), 521–532. 

Mahgoub, M. M. A., & Mohand, M. (2019). The new integral transform “SAWI transform”. Ad-
vances in Theoretical and Applied Mathematics, 14(1), 81–87. 



Al-Mukhtar Journal of Sciences 24 (1): 01-11, 2026                                                                            page    11  of  11  
 
Oldham, K. B., & Spanier, J. (1974). The fractional calculus: Theory and applications of differenti-

ation and integration to arbitrary order. Elsevier. 

Patil, D., Agrawal, D., Wagh, K., & Deshmukh, D. (2023a). Applications of Kushare integral trans-
form in mechanics. International Journal of Innovative Science and Research Technology, 
8(1). 

Patil, D. P., Borse, S. R., & Kapadi, D. P. (2023b). Kushare transform for the solution of models in 
health sciences. International Journal of Novel Research and Development, 8(1). 

Schiff, J. L. (1999). The Laplace transform: Theory and applications. Springer. 

Siegel, R. A. (1986). A Laplace transform technique for calculating diffusion time lags. Journal of 
Membrane Science, 26(3), 251–262. 

Singh, G. P., & Aggarwal, S. (2019). Sawi transform for population growth and decay problems. 
International Journal of Latest Technology in Engineering, Management & Applied Sci-
ence, 8(8), 157–162. 

Szabó, R., & Lente, G. (2025). Analytical solutions for the rate equations of some two-step kinetic 
schemes including a reversible first-order later step. Journal of Mathematical Chemistry, 
63(5), 1323–1341. 

Turab, A., Hilmi, H., Guirao, J. L., Jalil, S., Chorfi, N., & Mohammed, P. O. (2024). The Rishi 
transform method for solving multi-high-order fractional differential equations with constant 
coefficients. AIMS Mathematics, 9(2), 3798–3809. 

Zill, D. G. (2013). A first course in differential equations with modeling applications (10th ed.). 
Brooks/Cole, Cengage Learning. 


