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Abstract:

In this paper, we are concerned with the design of a model and an algorithm
for computing the shortest path in a network having triangular fuzzy number
(triangular fuzzy rough number) arc lengths. First, a-cuts and ranks for each
arc are used to find all possible path lengths. In a proposed algorithm,
Euclidean distance is used to find the shortest path. Consequently, a shortest
path is obtained from source node to destination node. Examples are worked
out to illustrate the applicability of the proposed approach.

Keywords: Triangular fuzzy rough numbers, Shortest path, Fuzzy rough
shortest distance.

1. Introduction:

The shortest path problem, which concentrates on obtaining the shortest path
between a specified starting node and other destination nodes, is one of the
most important and fundamental combinatorial network optimization
problems in graph theory that have appeared in several real-world applications
as a sub problem. However, in real life scenarios, many kinds of uncertainty
are generally encountered, because of imperfect data or other reasons. In real
world applications of shortest path problem, like scheduling, transportation,
etc. Which are related to environmental scenarios and on-board weights could
be highly uncertain due to fluctuating weather or traffic conditions. Therefore,
finding the exact optimal path in such networks could be a challenge. In such
cases, many experts use the fuzzy shortest path problem to manage the
uncertainties of the shortest path problem due to randomness. Dubois and
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Prade (1980) first analyzed this problem and proposed an algorithm to find the
shortest path. They reported some solutions for the classical FSP problem by
the use of extended sum and extended min and max operators. Klein (1991)
presented a dynamic programming recursion algorithm in order to find the
path(s) related to the threshold of a membership degree set by the decision
maker. Chanas et al. (1994) proposed an approach based on the a-cut concept.
In addition, Furukawa (1995) introduced an approach based on parametric
orders. Okada and Spore (2000) presented an algorithm based on the order
relation for a fuzzy network problem with L-R fuzzy numbers. They defined
nondominated or Pareto optimal paths from the specified node to every other
node. Chuang and Kung (2005) presented another algorithm to find the
shortest path based on the idea of a minimum crisp number, if and only if any
the other number is greater than or equal to this number, they developed this
idea to the fuzzy shortest path length. Kung and Chuang (2005) proposed a
new algorithm to solve the shortest path problem with discrete fuzzy arc
lengths. They developed a fuzzy shortest path length procedure by a fuzzy
minimum algorithm. Moazeni (2006) represented a lexicographic order
relation among fuzzy numbers. By using multiple labeling and Dijkstra’s
shortest path algorithms, she proposed a new algorithm to find a set of non-
dominated paths, which is related to the extension principle concept. Okada
and Gen (1993) considered a shortest path problem with a new definition for
order relation between intervals. Ji et al. (2007) proposed three concepts of
fuzzy shortest path: expected shortest path, a-shortest path and the most
shortest path, and formulate three models for the fuzzy shortest path according
to difference decision criteria. Dey et al. (2018) have proposed an algorithmic
approach based on genetic algorithm for finding shortest path from a source
node to a destination node in a fuzzy graph with interval type-2 fuzzy arc
lengths. Lin et al. (2021) presented a fuzzy mathematical model for FSP
problem. They have used the CPLEX software to solve this FSP problem.
They introduce an algorithmic method based on genetic algorithm for solving
this FSP problem. This study will demonstrate that it is more effective to
propose and use fuzzy rough shortest path to solve many real world problems
where uncertain exist.

This paper is organized as follows: In Section 2 some basic definitions and
some arithmetic results are presented. In Section 3, formulation of Shortest
path with fuzzy arcs and application for solving FSP problem are established.
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An algorithm solution for fuzzy rough shortest path problem is proposed in
Section 4. Finally, the conclusion part is present in Section 5.

2. CONCEPTS

Fuzzy Set: A fuzzy set A of a universal set X is defined by its membership
function p,: X — [0,1] which assigns a real number u,(x) in the interval
[0, 1] to each element x € X, where the value ofyu, (x) at x shows the grade of
membership of x in A.

Triangular fuzzy number: A fuzzy number Aissaidtobea triangular fuzzy
numbers (T.F.N) if it has the following membership function:

x — ay
S a; = x = a,
az; — ay
X)) = X — dg
Ha (x) _— dy = x =< dg
Qg — Qg
(4] atherwise

Then we say that A is triangular fuzzy number, written as:
A = (aj,a,,a;) where a,,a,.a; €R
A triangular fuzzy number 4 = (a,,a, ,a;) is called positive (negative)
where a, = 0 (a; < 0).
For & € [0,1] the interval of confidence for the TF.N 4 = (a,,a, ,a,) at
a — level set is defined as:
A, =[ai(a), aj(a)] = [a; +(a, — a))a, a; + (a; —az)al.

Euclidean Distance

Let 4 = [x,,¥,] andB = [x,,¥,] betwo intervals. Then the Euclidean

distance D(A,B) isdefinedas D (4,B) = /(x, — x,)2 + (v, — v,)?
Minimum value of & - cuts

LetA, = [a,b]and B, = [p,g] be two a-cuts. The minimum value of 4,
and B isgivenby MV =min [4,,8B,] = [min (ap),min(bgq)].
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Definition A ranking function is a function R: F(R) — R, where F(R) is a
set of fuzzy numbers defined on set of real numbers, which maps each fuzzy
number into the real line, where a natural order exists. Let A = (a, b, c)bea
triangular fuzzy number then

(ax+ 2b + )
<t

R(A) =
Fuzzy rough number A fuzzy rough number AR is a triangular fuzzy rough
number denoted by A% = [(a’*, a™ ,a") : (at¥,a™ ,a"") ] where
at¥,at®, o™, a"t and o'V € R suchthat

atV = gt = o™ = g% = a"Y and the membership function can be

defined as:
pgt () = af%;{ aMl < x < UL
par (x) = 4 . E v otherwise

— v at < x < a
at — a”

pav (x) =4 a¥V% — x
M U
——— a = x=a
bl _ oM
L 4] otherwise

Note that A* = (at,a™ ,a"™), AY = (a'¥,a ,a"") and A E 4Y.
Where st (x) and pzv (x) are membership functions of lower and upper

approximation triangular fuzzy number respectively. The membership

function of  triangular fuzzy rough number is shown in figure 1.
A

Mgui(X)

M (%)

HLL-' I'IE‘L x [{'H HUL Hll'f.l'

Figure 1: Membership function of the triangular fuzzy rough number.
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Definition A ranking function is a function . F(r) — [a, b], Where F(R)

is a set of all fuzzy rough numbers defined on a set of real numbers, which
maps each fuzzy rough number into the interval, where a natural order exists.

Let A% = [A%: AY] = [(a®%, a™ ,a¥") : (a*¥, a™ ,a¥") ] be atriangular
fuzzy rough number then

R(A®) = [min (R(4%), R(4Y)) , max (R(4%),R(4Y))]
3. Shortest path with fuzzy arcs

Consider a directed network G (V, E), consisting of a finite set of nodes V =
1,..., n and a set of m directed arcs E € V x V. Each arc is denoted by an
ordered pair (i,j), where i,j € V. Each arc is assigned to triangular fuzzy
number. We calculate the a-cuts for each and every arc in the network by the

formula 4, = [a, + (a, — ay)a, a; + (a, — as)a] where A = (ay,a,, az)
is a triangular fuzzy number and a € [0,1] .

Algorithm

Step: 1 Finding possible paths

(i) Find all the possible paths P; from source node to destination node in
the given acyclic network.

(ii) Assign the number of possible paths in the given acyclic network to N
Step: 2 Computation of length of paths

(i) Set a value between 0 and 1.

(ii) Find a -cuts for every arc.

(iii) Find the lengths L; of all possible paths by adding the a-cuts of the
corresponding arcs .

Step: 3 Comparison of paths
(i) LetLmn=L,
(i) Fori=2toN MV =min (Lmin ,L))
D1=D(MV, Ly D2=D(MV,L)
If D1<D2then Ly, =Lmin  Otherwise Ly, = L;
Step:4 Shortest Path
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Shortest path is the corresponding path of L.
EXAMPLE 1

Consider the network in Fig.2 with 9 nodes and 12 arcs having various arc
lengths (triangular fuzzy numbers), find the shortest path from source node 1
to destination node 9.

Fig. 2. Example Network

Table 1: The arc lengths

Arc Fuzzy number Arc Fuzzy number
A (3.4.7) G (14,25,30)
B (12,25,36) H (8,10,16)

C (10,36,42) | (18,28,33)
D (9,16,28) J (16,20,27)
E (19,25,31) K (11,16,20)
F (6,9,12) L (18,22,30)

Step:1 Finding possible paths

(i) Find all possible paths P; from the source node to destination node in
the given acyclic network.

There are five possible paths

Pi: 40 = G — K
Pp: 4 - 0 — G — J — L
Py: A —- D —- H — L
P,: B - E — H — L
P: B —- F — I — L

(ii) Assign the number of possible paths in the given acyclic network to
N.

Here the number of possible paths are 5, then N = 5.
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Step:2 Computation of length of paths
(i) Set o value between O and 1. Let a= 0.5

(ii) Find a-cuts for every arc

Table 2: The a-cuts for every arc

A a-Cuts Arc  a-cuts

A, [3.5,5.5] G, [19.5,27.5]
B, [18.5,30.5] H, [9,13]

C. [23,39] I, [23, 30.5]
D, [125,22] Ju [18, 23.5]
E, [22, 28] K, [13.5,18]
F. [7.5, 15.5] L, [20, 26]

ii) Find the lengths L; of all possible paths by adding the a-cuts of the
corresponding arcs

L, = [59.5, 20]
L,= [84,121.5]
L, = [45,66.5]
L, = [69.5,97.5]
L. = [54,102.5]

Step:3 Comparison of paths
(i) Let Lyin= L1 = Lmnin=[59.5, 90]
(iFori=2t05, MV = min[Lui, Li]

Wheni=2 , MV = min[Ly, L] = MV = min[[59.5, 90], [84, 121.5]] =
[59.5, 90]
D, = D(MV, L) = D([59.5, 90],[59.5, 90])

=/(59.5 — 39.5)2 + (90— 90)2=0

D, = D(MV, L,) = D([59.5, 90], [84, 121.5])

= /(59.5— 84)7 + (90 —121.5)2 = 39.9
If D < D, thenl,,=L,_.. Otherwisel_ . =L,

N

Here D, < D,. L =1L = [59590]
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When i = 3,
MV = min [Lin ,Ls] = min[[59.5, 90], [45, 66.5]] = [45, 66.5]
D; = D(MV, Lnin) = D([45, 66.5], [59.5, 90])

=/ (45— 59.5)> + (66.5 — 90)? = 27.6

D, = D(MV, Ls) = D([45, 66.5], [45, 66.5]) =
V(45 —45)2 + (66.5 — 66.5)2 =10

D;>D,. Then Ly, =[45,66.5]=Ls

Wheni=4

MV = min [Lmin ,Ls] = min[[45, 66.5], [69.5, 97.5]] = [45, 66.5]
D; = D(MV, Lyin) = D([45, 66.5], [45, 66.5]) =0

D, = D(MV, L) = D([45, 66.5], [69.5, 97.5]) =

= 1;“[45 —69.5)* 4+ (66.5 —97.5)* = 395

D; <D, Then L= [45, 66.5] = L,

Wheni=5

MV = min [Lmin ,Ls] = min[[45, 66.5], [54, 102.5]] = [45, 66.5]
D; = D(MV, Lnmin) = D([45, 66.5], [45, 66.5]) =0
D, = D(MV, Ls) = D([45, 66.5], [54, 102.5])=

y‘f[45 — 54]2 + (66.5 — 1[!2.5]2 =371
D; <D, Then L= [45, 66.5] = L,
Step:4 Shortest Path
Shortest path is the corresponding path of L,

= Py is the shortest path. i.e., P;: A — D — H — Lis the shortest

path from source node to destination node.

4. Shortest path with fuzzy rough arcs

e ——
Libyan Journal of Basic Sciences, Special Issue for 5™ International Conference for Basic Sciences
and Their Applications (5™ ICBSTA, 2022),Vol: 19, Issue: 1, P: 13-25, 22-24/10/2022



Tarek Eljerbi and

Fuzzy Rough Shortest Path problems.
Mohamed Muamer

Now consider Each arc is assigned to triangular fuzzy rough number. We
calculate the rank for each and every arc in the network by the formula as:

R(A®) = [min (R(4"), R(AY)) , max (R(A),R(4Y))]

where A® = [4%: AY] = [(a**, a™ ,a"") : (@Y, a™ ,a"Y) ] isa

triangular fuzzy rough number.

EXAMPLE 2

Consider the network in Fig.3 with 9 nodes and 12 arcs having various arc
lengths (triangular fuzzy rough numbers), find the shortest path from source
node 1 to destination node 9.

Fig. 3. Example Network.

Table 3: The arc lengths For Example 2

A

=

¢ Fuzzy rough number  Arc Fuzzy rough number
[(3,4,7):(1,4,11)] G [(14,25,30):(9,25,38)]

[(12,25,36):(9,2549)] H  [(8,10,16):(5,10,23)]
[(10,36,42):(4,36,49)] |  [(18,28,33):(12,28,42)]
[(9,16,28):(4,16,36)]  J  [(16,20,27):(12,20,35)]
K
L

[(19,25,31):(16,25,36)] [(11,16,20):(9,16,26)]
[(6,9,12):(4,9,16)] [(18,22,30):(16,22,40)]

mmoOOoO W >

Step: 1 Finding possible paths

i)  Find all possible paths P; from the source node to destination node in
the given acyclic network.
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There are five possible paths

Pi: A— C — G — K
P,: A —C —« G — J — L
Py: A — D —- H — L
P,: B —— E — H — L
P: B —- F — I — L

i) Assign the number of possible paths in the given acyclic network to
N.

Here the number of possible paths are 5, then N = 5.
Step:2 Computation of length of paths
i) Find the rank of fuzzy rough number for every arc

Table 4: The rank for every arc

Arc  Rank of Fuzzy rough number  Arc  Rank of Fuzzy rough number
A [4.5, 5] G [23.5, 24.25]
B [24.5, 27] H [11, 12]
C [31, 31.25] | [26.75, 27.5]
D [17.5, 18] J [20.75, 21.75]
E [25, 25.5] K [15.75, 16.75]
F [9, 9.5] L [23, 25]

i) Find the lengths Li of all possible paths by adding the ranks of
the corresponding arcs

L, = [74.75,77.25]

L, = [102.75,107.25]
L, = [55.75,60]

L, = [83.5,89.5]

L. = [83.25,89]

Step: 3 Comparison of paths
(i) Let Lyn= Ly = L= [74.75, 77.25]

(i) Fori=2to5
MV =min [Lmin s L|]
Wheni=2

MV = min[Lyin , Lo]
MV = min[[74.75, 77.25], [102.75, 107.25]] = [74.75, 77.25]
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D, = D(MV, L) = D([74.75, 77.25], [74.75, 77.25])

= (7475 — 74.75)% + (77.25 — 77.25)* =

D, = D(MV, Ly) = D([74.75, 77.25], [102.75, 107.25])

= . /(7475 — 102.75)2 + (77.25 — 107.25)2 = 41.03
If D, < D, thenL,, =L_... OtherwiselL,, = L,
Here D, < D,. s Lpin = Lpin = [74.75,77.25]
When i = 3,
MV = min [Lmin ,Ls] = min[[74.75, 77.25], [55.75, 60]] = [55.75, 60]

D; = D(MV, L) = D([55.75, 60], [74.75, 77.25])

=/(55.75 — 74.75)? + (60 — 77.25)? = 25.66

D, = D(MV,, Ls) = D([55.75, 60], [55.75, 60]) =
V(5575 — 55.75)2 + (60 — 60)2 — 0 D1 > D, Then

Lmin = [55.75, 60] = Lg

Wheni=4

MV = min [Lyi ,Ls] = min[[55.75, 60], [83.5, 89.5]] = [55.75, 60]
D; = D(MV, Luin) = D([55.75, 60], [55.75, 60]) = 0

D, =D(MV, L4) = D([55.75, 60], [83.5, 89.5]) =
W/ (55.75 — 83.5)% + (60 — 89.5)% = 40.5

D; <D,. Then Ly, =[55.75, 60] = L3

Wheni=5

MV = min [Lmin ,Ls] = min[[55.75, 60], [83.25, 89]] = [55.75, 60]
D; = D(MV, Luyin) = D([55.75, 60], [55.75, 60]) =0

D, = D(MV, Ls) = D([55.75, 60], [83.25, 89]) =
J(55.75 — 83.25)% + (60 — 89)% = 39.96

D; <D, Then Lpy, =[55.75, 60] = L3
Step: 4 Shortest Path
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Shortest path is the corresponding path of L,

= Pyis the shortest path. ie., p,: 4 — D — H — Listhe shortest
path from source node to destination node.

5. CONCLUSION

The shortest path problem is a very popular combinatorial network
optimization problem in the field of graph theory. Many scientists work in
several different kinds of shortest path problem. In the shortest path problem,
a path between specified source s and destination t in a graph is determined by
a decision maker such that the path length is minimum and traveling time
within two nodes. In this paper, we presented an algorithm for computing the
shortest path in an acyclic network using the a cuts, in which each edge is
assigned to a triangular fuzzy number. In addition, we provided an algorithm
for determining the shortest path in an acyclic network when each edge is
assigned to a triangular fuzzy rough number. Consequently, the shortest path
is obtained from source node to destination node.
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