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INTRODUCTION

Soft set notion was introduced, for the first time, by (Molodtsov 2017) as mathematical models in
order to deal with vagueness and sets to solve complicated problems in fields such as computer sci-
ences, medical sciences, economics, and engineering, among others. Moreover, he studied the main
points of this theory and its properties.

Shabir et al. (Shabir 2011) introduced and studied the concept of soft topological spaces, which are
defined over an initial universe with a fixed set of parameters.

After that, many researchers (Arockiaran, Chen 2013; Hussain, Min, Nazmul 2013; Zorlutuna
2013) added several notions and concepts towards (Maji 2003, Min 2011; Molodtsov 1999; Zor-
lutuna 2012) the properties of soft topological spaces. Recently, quite a number of generalizations
of the class of soft open sets in a soft topological space have been considered.

Shabir and Naz introduced the new notion of soft topological space. (Shabir 2011). Then, many au-
thors (Zorlutuna 2012) studied some of main concepts and properties of soft topology. Chen intro-

duced the new soft near open sets, so called soft semi-open sets. Chen 2013).

Many scientists, including (Al Ghour, Hamed 2020; Al-Shami 2020; Cetkin, Aygun 2020; Hussain
2019) have conducted various and very important studies to study simple open smooth groups in
topological spaces, where they studied their properties and their relationship to various topics in
mathematics and other fields. They presented multiple theories and proofs that we did not address
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in this paper because these topics are new and branched, but we can connect them to what we have
studied, and this will be done in new papers.

In the present paper, we shall define new concepts in soft topological space, such as “soft simply
open sets, soft simply derived, soft simply dense and soft simply residual.

1- Preliiminaries:
Definition 1.1 (Molodtsov 1999)

A pair (F,E) is called a soft set over X, where F is a mapping given by F: E — P(X). In other
words, a soft set over X is a parametrized family of subsets of the universe. For a particular
e € E, F(e) may be considered the set of e-approximate elements of the soft set (F, E).

Definition 1.2 (Maji 2003)

For two soft sets (F., 4) and (F, B) over a common universe X, we say that (F, 4) is a soft subset of
(G, B) if:

i- 4 € B.

ii-ve& 4,F(e) € G(e) are identical approximations. We write (F,A) € (G, B). (F,4) is said to
be a soft super set of (G, B), if (G, B) is a soft subset of. We denote it by (F,4) 2 (G, B).

Definition 1.3 (Ali 2009)
The relative complement of a soft set (F, E) is denoted by (F, E)“ and is

defined by (F,E)¢ = (F%,E) where F*:E — P(X) is a mapping given by
FC(e)=Xx—F(e)foralle EE.

Definition 1.4 (Shabir 2011)
Let T be the collection of soft sets over X, then T is said to be a soft topology on X if:
1- @ ,X belongto 7.
2- The union of any member of soft sets belongs to .
3- The intersection of any two soft sets belongs to .
The triplet (X, 7, E) is called a soft topological space over X .

The members of T are said to be soft open sets in X, we will denote all soft open sets (resp. soft
closed sets) in X as SO(X) (resp.SC(X)).

Definition 1.5 (Maji 2003)

A soft set (F, 4) over X is said to be:

i- Null soft set denoted by @, if ¥ e € 4, F(e) = @..

ii- Absolute soft set denoted by 4, if ¥ e € 4, F(e) = X.
Definition 1.6 (Maji 2003)

For two soft sets (F, 4) and (G, B) over a common universe set X, we define: 1-
Union of two soft sets of (F, 4) and (G, B) is the soft set (H,C), where C = AU B, and Ve € C,
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then H(e) = {F(e),if eEA—BorGle)if eEB —A or F(e)UG(e),if e €A N B}, we write
(F,A)U (6,B) = (4,0).

2- Intersection of (F,A4) and (G, B) is the soft set (H,C), where C = A i\ B, and
Ve € C, H(e) = F(e) N G(e), we write (F,4) 1 (G, B) = (H,C).

Definition 1.7 (Bayramov 2013)

Let (F, E) be a soft set in X. The soft set (F, E) is called a soft point, denoted by (x.,E) or x,, if for
the elemente € E, F(e) = {x}and F(e) =0, forall e € E — {e}.

Definition 1.8 (Zorlutuna 2012)

The soft point x, is said to belong to the soft set (G, E), denoted by x, € (G, E), if for the element
e EE,F(e) € G(e).

Definition 1.9 (El-sayed 2017)
A soft subset (F, E) of a soft topological space (X, 7, E) is called
1- Soft nowhere dense if Sint(Scl(4,E)) = @.

2- Soft simply open set if (F,4) = (G,E) U(V,E) where (G, E) is soft open set and (V, E) is soft
nowhere dense set.

We shall denote the class of soft simply open, (resp. soft simply closed, soft nowhere dense,) sets of
a universe set X by ss™o(x,E) (resp. 55" c(X,E),SN(X,E).

Definition 1.10 (Hussain 2014)

Let (X, T, E) be a soft topological space over X, (G, E) be a soft set over X and x € X, then x

is said to be a soft simply-interior point of (G, E), if there exists a soft simply open set (F,E)
such that x € (F,E) € (G,E).

Definition 1.11 (Hussain 2014)

Let (X, 7, E) be a soft topological space over X, then the soft simply exterior of the soft set (F, E)
over X is denoted by SSext(F, E) and defined as

SSext(F,E) = SSirzt[X — [F,E]). Thus x is called a soft simply exterior point of (F, E) if there
exists a soft simply open set (G, E) such that x € (G, E) € (F, E), we observe that SSext(F, E) is
the largest soft simply open set contained in (F, E).

2- Some Types of Near Normality Based on Soft Simply Open Sets

In this section, we introduce some types of normality in soft topological space (X, T, E) based on
soft simply open, also we study their properties.

Definition 2.1

A soft topological space (X, T, E) is called soft simply normal (5*-normal) if
¥ (G, E),(G,,E) E C(X), (G, E)N (G, E) = 8,3 (F,E),(F,, E) €SsY0(X),

(FJ.’E) ﬁ (F:,E) = ﬁ,a (ElrE) E (FJ_.FE) & (GZJE) E (FE’E)
Definition 2.2
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A soft topological space (X, 7, E) is said to be soft simply regular (55*R) if
v(A4,E) ESC(X).x & (4,E),3(U,E).(V.E)E ss™o(x), (U,E)A(V,.E)=0
3x € (U,E) &(4,E) € (V,E).

Definition 2.3

A soft subset (4, E) of a soft topological space (X, 7, E) is called soft simply open (for short, 55*-
open) set if
(A,E) E{X,0,(G,E) U (N,E):(G,E) is aproper open set and (N, E)is a newhere dense set}.

The family of all soft simply open sets is denoted by 55* @(X), the complement of a soft simply
open set is said to be soft simply closed (for short, $5*-closed) set and denoted by 5 C(X).

Remark 2.1

In general, the intersection of finite number of 55*-open sets in a soft topological space (X, T, E) is
not §5*-open set.

Example 2.1

Consider a soft topological space (X, T, E), where X = {x,,x,} is the universal set, E ={e,.e,}is
the set of parameters, 7 is the soft topological on X. Define two soft simply open sets A & B as fol-
lows:

A={(e {x}). (es. {x 1}, B = {(e,.{x5}). (es, {x, 1)} Here, both 4 & B are soft simply open sets
in the soft topology 7.So A N B = {(ey,{x,} N {x,}).(es {x,} 0 {x, )} = {[el, 5), [eg, 5)}

This set is not a soft simply open set because it contains empty sets for all parameters, which con-
tradicts the definition of soft simply open set in most soft topological spaces.

Definition 2.4

Let (X, 7, E) be any soft topological space, and (4,E) € X, we define the 55*-boundary of (4, E)
as follows S5 b(4,E) = SSMcl(4,E) A 55Mcl(X — (A, E)).

Also, soft simply boundary of (4, E) = (4, E) — int(A, E) where int(4, E) is the soft interior of
(4,E) & (A,E) is soft simply set.

Remark 2.2

For any subset (4, E) of a soft topological (X, T, E), we have S5™b(4,E) € b(4,E) and
SSMB(A,E) € Sab(4,E).

Example 2.2

Let ¥ = {x,,x,},E = {e,, e,)} be parameter, and r = {X, 0, (F,, E), (F,, E)}, where

(F\.E) = {[Ev {x, 1), ['—”-:r @)}, (F,, E) = {(ey.X), (e, {x,})}. This is topology over X,

let (4, E) = {(ey.{x,}). (e {x; D} =

bd(A,E) =cl(AE)Ncl(X —(AE)) = (AE) N0 {(ep{x . (ea {x. N} =(4E)A X

= (A,E), ab(A,E) = cl(aint(4,E)) A cl(X — aint(A, E)), but aint(A,E) = (F,, E)

= {[el, {2, 1), [e:, ﬁ)}, cl [cxint[ﬁl,ﬁ')) = (F,E),cl [X — aint(A4, E)) = X, thus

bd(A,E) = (F,E)AX = (F,E). Also, SSb(A,E) = S5cl(A,E) N 55cl(X — (A,E)) but
SScl(A,E) = (A,E) and ssr:.i![x — [A,E]) = X,s055b(A4,E) € (A, E) = b(4, E) and since
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5Scl(4,E) € ch.E[A,E], we get S5b(A,E) € ab(A,E) = (F,,E), thus S5b(4,E) = @

and 55b(4,E) € ab(A4,E) S b(A E).

Theorem 2.1

For any soft topological space (X,,E) and (4, E),(B,E) £ X. Then the following statement hold:
1- SSMb(A,E) = SSMb(X — (A, E)).

2- 55MB(AE) =55Mcl(AE) — 55" int(A, E).

3- SSMB(A4,E) A SSMint(A,E) = 0.

4- S5MB(A,E) USsSMint(A,E) = 55cl(A4,E).

Proof

1- By definition, the soft simply boundary of (4, E} is

SSMb((A,E)) = SSMcl((A4,E)) — S5Mint((A, E)). Similarly, the soft simply boundary of
X—((AE))is SS™b(x— (A,E)) =55"cl(x — (A, E)), in soft topology the soft simply closure
of (4, E) is related to the soft simply interior of its complement:

SSMcl((A,E)) =X —SSMint(X — (A,E)), Thus SS™b((4,E)) =5SMb(Xx — (4,E)).

2- Since SSMcl(X — (A,E)) = X — 55Mint(A, E), then

SSMb(A,E) = S5Mcl(A, E)ASSMecl(X — (A, E)) = SSMcl(4,E) A [X — 55 Mint(4,E)]
=SSMcl(AE) — [SSMcl(A EYNS55Mint(A,E)] = 55Mcl(4,E) — 55Mint(A, E).

3- By definition, SS™b((4,E)) = 55Ycl((4,E)) — 55Mint((A, E)).

This means SS™b((4,E)) consists of point in S5™¢l((4, E) ) that are not in SS™int( (A4, E)).
Therefore, SS*b((A,E)) and S5 int((A, E) ) are disjoint by construction:
SsMb((A,E)) A ssMint((4,E)) = @.

4- By definition, SS™b((A4,E)) = 55Mcl((A,E)) — S5Mint((4,E)), i.e.

S5Mb((4,E)) USsMint((A,E)) = $5*cl((A E)). The union of 55*b((4,E)) and
55Mint((A, E)) covers all points in SS™¢l((A4, E)) and they are disjoint (from 3), thus
55Mb((A,E))USsMint((4,E)) = 55Mcl((A,E)), then

SSMB(AE)USSMint(A E) =55Ycl(AE).

Theorem 2.2

For any soft topological space (X, 7, E) and(4, E) € ¥, the following statement holds:
1-(4,E) ESSMO(x) iff (A, E) A SS™b((A,E)) = 0.

2- (A,E) ESSMc(x)iff SS™b((AE)) E (4,E).

3-(A,E) ESSMO(X) A SS™cl(x) iff SS¥b((4,E)) = 0.

Proof

1- = Assume that (4, E) is soft simply open, by definition, the soft simply boundary of (4, E) is.
Since (4, E) is soft simply open, 55*int((4, E)) = (4, E), thus,



Al-Mukhtar Journal of Basic Sciences 23 (2): 74-86, 2025 page79 of13

SSMb((A,E))=55"cl((4,E)) — (A E), i.e. 55"b((4,E)) contains no points from (4, E), so
(A, E)ASSMb(A,E) = 0.

& Assume that (4, E) A SS™b(A4,E) = §, by definition

SSMB(A,E) = 55™cl(4,E) —55Mint(4,E). If (4, E) A SSMb(A4,E) = 0, then (4, E) contains no
points from $5™cl(4, E) — SS™int(A, E) this implies (4, E) € 5s5™int(A4, E). Since 557 int(4, E)
is the largest soft simply open set contained int(4, E), we have (4, E) = 55Mint(4, E), thus (4, E)
is soft simply open.

2- = Assume (4, E) is soft simply closed, by definition the soft simply boundary of (4, E) is.
Since (4, E) is soft simply closed, 55*¢cl(A4,E) = (4, E), thus

SSMB(A,E) =55Ycl(4,E) —55Mint(A4,E), i.e. SS™b(A,E) € (4,E).

By definition SS™b(A4,E) = S5Mcl(A,E) —S5Mint(4,E), if S5Mb(4,E) € (4,E), then
SSMcl(A,E) — SS™int(A,E) € (A4, E), this implies 55 ¢cl(4, E) € (4, E). So since

(4,E) € S5¥cl(A4, E) by definition, we have S5™cl(4, E) = (4, E), thus (4, E) is soft simply
closed.

3- = Assume that (4, E) is both soft simply open and soft simply closed. Since (4, E) is soft simp-
ly open, s5Mint(4, E) = (A, E), and since (4, E) is soft simply closed, 55*¢cI(4,E) = (4,E). By
definition, the soft simply boundary is we have S5 b(A4,E) = S5¥cl(4,E) — 55™int(A,E).

< Assume that SS™b(4,E) = 0, so by definition

SSMB(A,E) = 55™cl(A4,E) —55™int(A4,E). If 55Mb(A4,E) = 0, then

SSMcl(A,E) € 55Mint(4, E), and since 55" int(A4,E) € (4, E) = S5™cl(A,E) thus (4,E) is
both soft simply open and soft simply closed.

Remark 2.3

For any soft topological space (X, 7, E) and (4,E) € X, we have
Sext(A,E)) € Saext(A, E)) € S5Mext(A4, E)).

proof

We need to show that 55 ext(4, E) € Ext(4, E), by definition, the soft simply interior of a set is
the largest soft simply open set contained in it. Since every soft simply open set is also a soft open
set, we have SS™int(X — (4,E)) € int(X — (A, E)), therefore,

S5Mext(A,E) = SSMint(X — (A, E)).

Also, we show that Ext(4, E) € §5Mext(4,E), by definition, the soft interior of a set is the largest
soft open set contained in it. Since every soft open set is also a soft simply open set, we have,
int(X — (A,E)) € 55int(X — (4, E)), therefore Ext(4,E) = int(X — (4,E)),

then S5™ext(A,E) € Ext(A,E) € 55Mext(A4,E)).

Example 2.3

Consider a soft topological space (X, 7, E), where: X = {x,,x,}, is the universal set, E = {e,e,} is
the set of parameters, T = {B, X, (F,, E), (E;, E)} is the soft topology, with:

(FLLE) = {(ey.{x1}). (e, {x D}, (B, E) = {(ey,{x,]}), (2, {x2])}. Let (4, E) be a soft subset of
(X,7, E) defined as: (4, E) = {(e,,{x, ), (e,, {x, 1)} The complement of (4, E) is

(A%, E) = {(ey,{x,}). (e, {x,})}, the soft simply interior of (4°,E) is S5Yint(A°,E) = (A, E),
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because (A°, E) is soft simply open in this topology. Thus,

SSMext(A,E) = 55™int(A°,E) = (4,E), Saint(A°,E) = 0 because there is no soft alpha open
set contained in (A<, E) in this topology, Thus, Sexta(A4,E) = Saint(A°,E) = @. So that we have:
55Mext(A,E) = (A%, E) = {(e,. {x.]). (e, {x-1)}, and we have: S5 ext(A4,E) & Sexta(A,E),
because S5* ext( A, E) is nonempty while Sexta(4,E) is empty then, 55™ext(A4,E) € Sa(4,E).

Example 2.4

Consider a soft topological space (X, 7, E), where: X = {x,,x,}, is the universal set, E = {e,.e,} is
the set of parameters, ¥ = {0, X, (F,, E),(E,, E)} is the soft topology, with

(F.E) = {(ep {x, 1), (0, 6,1}, (B B) = {(ey, (), (o5, £, 1)), Let (4, E) be a soft subset of

(X,7, E) defined as (4, E) = {(e,,{x,}), (e, {x,1)}. The complement of (4, E) is

(A°,E) = {(e.{x,}). (e, {x, ]}, the soft simply interior of (4%,E) is S5™int(A",E) = (4%, E),
because (A", E) is soft simply open in this topology so, 55" ext(4, E) = 55"int(A°,E) = (A, E).
The soft simply closure of (4,E) is $5™cl(4,E) = (A, E), because (4, E) is soft simply closed in
this topology, and the soft simply interior of (4,E) is S5*int(4, E) = (A4, E), because (4, E) is soft
simply open in this topology. Thus, S5 b(4,E) = 55Mcl(A,E) — 55Mint(A4, E), so we have:
55™p(4,E) = B, and we observe that S5 ext(4, E) i SS™b(4,E) = 0.

Theorem 2.3

For any soft topological space (X,7,E) and (4,E), (B,E) € X, the following statements hold:
1- 55Mext(A,E) = SSMint(X — (A, E)).

2- 55Mext(A, E) is 55"-open.

3-S5Mext(A,E) AissMbd(x — (4,E)) = 0.

4- S5Mext(A,E) USS"bd(X — (A,E)) = 55™cl(X — (A, E)).

5- The set {s5Mint(A4,E),55Mbd(A,E), 55" ext(A, E)} form a partition of X.
6- If (A,E) € (B,E), then S5Mext(B,E) € 55Mext(4,E).

7- 55Mext(A,E)U (B,E) € 55Mext(A4,E) U 55 ext(B,E).

8- 55Mext((4,E)A (B,E)) 2 55Mext(A,E) N S5Mext(B,E).

9- 55Mext(B) = X, and SSMext(X) = @.

Proof

Obvious from definitions

Example 2.5

Let ¥ = {x,,x,,x5} with the soft topology T defined as ¥ = {B, X, (4, E), (B, E)}, where
(4,E) = {(x1.E)}. (B, E) = {(x5,E)}. The SS™ex(4, E) = {(x,,E), (x5, E)}, and
SSMEI[:B,E) = {(IPE),(IE,E)},

55Mex(A,E) US5Mex(B,E) = {(x,,E),(x,,E), (x5, E)}. Now, consider (4,E)U(B,E)is
{(x5. E)}. Here, {(x3,E)} € {(x,, E), (x,,E), (x5, E)} showing that equality dose not hold.
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Example 2.6
Using the same X and 7 as above: 55" ex(A4, E) = {(x,,E), (x4, E)},
§5Mex(B,E) = {(x,,E),(x3,E)}, S5™ex(A,E) N S5 ex(B,E) = {(x3,E)}.

Now (4,E) A (B,E)= 0, S5Mex(0) =X = {(x,E), (x5, E), (x5, E)}.
Here, {(x3,E)} € {(x,, E), (x,,E), (x5, E)}, showing that equality dose not hold.

Definition 2.5

For any soft topological space (X,%,E) and (4,E) € X, a point x € X is called 55™-limit point of
(4, E) if every 55™-open set containing x contains points of (4, E) other than x. The set of all limit
points of (4, E) called 5§5™-derived set of (4, E) and is denoted by 55 d(A4).

Definition 2.6

The soft simply derived of (A, E), denoted by 55*d( 4, E) is the set of all soft limit points of
(4, E). A soft limit point of (4, E) is point (x, E') such that every soft open neighborhood of (x, E)
intersects (A, E') at some point other than (x, E) it self.

Theorem 2.4

For any soft topological space (X,7,E) and (4,E),(B,E) € X, the following statements hold:
1- If(4,E) € (B,E), then 55™d(4,E) € ssMd(B,E).

2-55Md((A,E) U (B,E)) € 55Md(A,E)U SsMd(B,E).

3-55Md((4,E) N (B,E)) € 55¥d(A,E) SS™d(B,E).

4- (A, E) is Ss™closed set iff SS*d((4,E)) € (4,E).

5-55Md((A,E)) = (A,E) Uss™d((B.E)).

Proof

1- Let (x, E) € SS™d((A4, E)). This means that every soft open neighborhood of (x, E) intersects
(4, E) at some point other than (x, E). Since (4, E) € (B,E), any intersection with (4, E) also im-
plies an intersection with (B, E). Therefore, every soft open neighborhood of (x, E) inter-

sects (B,E) at some point other than (x, E), so (x, E) € 55™d((B,E)).

Thus, S5™d((4,E)) € ss™d((B,E)).

2- Let (x,E) € S5Md((4,E)) USS™d((B,E)). Then (x, E) is a soft limit point of either (4, E) or
(B,E).If (x,E) € 55™d((4,E)), then every soft open neighborhood of (x, E) intersects (4, E) at
some point other than (x, E), since (4, E) € (4, E) U (B, E), this implies that every soft open
neighborhood of (x, E) also intersects (4, E) U (B, E).

Similarly, if (x, E) € S5™d((B,E)), then every soft open neighborhood of (x, E) intersects (B, E)
at some point other than (x, E), and this intersects (4, E) U (B, E). Therefore,

(x,E) &€ s5™d((A,E)U (B,E)), and the claim holds.

3- Let (x,E) € 55™d((4,E) A (B,E)), this means that every soft open neighborhood of (x, E) in-
tersects (4, E) N (B, E) at some point other than (x, E).
Since (4,E)N (B,E) € (4,E)and (4,E) A (B,E) € (B,E), every soft open neighborhood of
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(x, E) also intersects (4, E) and (B, E') at some point other than (x, E). Therefor
(x,E) € S5Md((4,E))and (x,E) € S5Md((B,E)),so0 (x,E) € S5™d((4,E)) i 55*d((B,E)).
Thus, 55™d((4,E) A (B,E)) € ss™d((4,E)) nss™d((B,E)).

4- = If (A,E) is soft simply closed, then its complement is soft simply open. By definition, no
point in the complement of (4, E) can be a soft limit point of (4, E). Therefor, all soft limit points
of (4, E) must lie within (4, E), so S5™d((4,E)) € (4,E).

1 55Md((4,E)) € (4, E), then no point outside (4, E) is a soft limit point of (4, E). Thus
means that the complement of (4, E) is soft simply open, so (4, E) is soft simply closed.

5- =Let (x, E) € D(A, E). By definition, (x, E) is either a point in (4, E) or a soft limit point of
(A,E).If (x,E) € (A,E), then (x,E) € (A,E)U D(B,E). If (x, E) is a soft limit point of (4, E),
then(x,E) € D(A, E) and this (x,E) € (4,E)U D(B,E).

et (x,E) € (4,E)U D(B,E). Then if (x, E) € (A, E) then (x, E) € D(B, E) because
(A,E) €ED(B,E).If (x,E) € D(B,E), then (x, E) is a soft limit point of (B, E) since
(B,E) € (A4,E), any soft limit point of (B, E) is also a soft limit point of (4, E), thus
(x,E) € D(A,E)and S5™d((4,E)) = (A,E) USs™d((B,E)).

Definition 2.7

The soft simply derived set of a soft (4, E), denoted as D(A4,E), is the set of all soft limit points of
(A, E). A soft limit point (x, E) € X is a point such that every soft open neighborhood of (x, E) in-
tersects (4, E) at some point other than (x, E).

Definition 2.8

For any soft topological space (X,7,E) and (4,E) € X is called 55*-dense in X iff
ssM ci[(ﬂ, Ej} = X. The family of all 55*-dense sets in X will be denoted by S5 D(X).

Theorem 2.5

For any soft topological space (X,%,E) and (U,E), € X, the following statements are equivalent:
1- (U,E) is 55"-dense in X.

2- The only 55™-closed set containing (U, E) is X.

3-55sMint(x — (U,E)) = .

Proposition 2.1

For any soft topological space (X.7.E) and (IJ,E) € S5 D(X), the following statements hold:
1- SSMb((U,E)) = S5Mcl(X — (U, E)).

2- 55Mext((U,E)) = 0.

Proof

Obvious.

Definition 2.9

For any soft topological space (X, 7, E) a soft set (4,E) of X is said to be
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1- 55™-nowhere dense if S5¥int(55"¢l(4,E)) = 0.
2- 55M-residual if SS™cl(X — (4,E)) = X or 55Mint(4,E) = 0.
Remark 2.4

For any soft topological space (X, 7, E) we have, 55*-nowhere dense is 55*-residual from the fact
that S5™int((4,E)) € s5™int(55*cl(A, E)) for every (4,E) € X.

Proposition 2.2

For any soft topological space (X, 7, E), a subset (4,E) € X is S5™-nowhere dense in X if
(4,E) € 55M¢l (X —55Mcl((4, E))].

Proof

Let (B, E)SS™cl(4, E), then the condition becomes (4, E) € 55™cl(X — (B,E)), we need to show
that (4, E) is soft simply nowhere dense, i.e. prove that S5 int(B,E) = @. Suppose for condition,
that S5™int(B,E) # @, then there exists a non-empty soft simply open set

(U,E) € (B,E) = S5™cl(A,E), but (4,E) € 55¥cl(x — (B,E)), so(U, E) must intersect

(X — (B,E)) since (U, E) is open and (B, E) = cl(4,E), this contradicts (I/, E) € (B, E). Hence,
55¥int(B,E) = 0.

Definition 2.10

Let (X, 7, E) be a soft topological space, and let (4, E) be a soft subset of X,

1- The soft boundary of (4, E) denoted as: Sb(A,E) = Scl(4,E) i Scl(X — (B, E)).
2- A soft set (B, E) is called soft simply residual if either:

55Mcl(X — (B,E)) = X or 55™int((B,E)) = 0.

Theorem 2.6

Let (4, E) be a soft simply open set in a soft topological space(X, 7, E). Then the soft simply
boundary of (A4, E), is soft simply nowhere dense.

Proof

Since (A, E) is soft simply open, we can write (4, E) = (G, E) U (F, E) where (G, E) is soft open
and (F, E) is soft nowhere dense. Analyze the closure : SSMcl(A,E)= 55Mcl(G,E)U
S5Mcl(F,E) = 55™cl(G, E), since (F, E) is nowhere dense. Analyze the boundary :
SSMB(AE) = 55Mcl(AE) N SSMcl(AC,E) = SSMcl(G,E)YnsSsMcl((6 UF)E,E) =
S5Mel(G,E)Yn SSMel(GE N FELE)

€ 5SMcl(G,E)A 55Mcl(GS,E) = 55Mb(G, E) it is the ordinary soft boundary of (G, E). Now we
prove that (4, E) is nowhere dense, let the soft interior of the closure of the boundary :

55Mint (SS¥cl(5Yb(4,E))) € 55¥int (55¥cl(55™b(G,E))), but S5*b(G,E) is soft no-
where dense in ordinary soft topology, so 55 int (55”c£ [55 Mh(G, E.’))} = @. Therefore
55Mint (S5¥cl(S5*b(4,E))) = G.
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Theorem 2.7

For any soft topological space (X,,E) and (4,E), € X, the sets (4, E) N S5¥cl(X — (4,E))
and S5*cl(A4,E) 1 (X — (4, E)) are 55™-residual.

Proof

We need to prove that (4, E) A S5™el(X — (A4, E)) is soft simply residual, and prove

S5Mcl(A,E) A (X — (A E))is soft simply residual. Now,

let S, = (A, E) A S5Mcl(X — (4,E)), by definition SS™cl(X — (4, E)) is the smallest soft closed
set containing (X — (4,E)). 1f SS¥cl(X — (4,E)) = X, then S, = (4, E) A X = (4,E), so that
(4, E) is soft simply residual because SS™cl(X — (4,E)) = X. If SS™cl(X — (4,E)) # X, then

S, = (4,E) A 55%cl(x — (A, E)), and the soft simply interior of 5, = @ because 5, lies entirely
within 5™ ¢l(X — (A, E)), which has no soft interior points in (4, E). Thus 5, is soft simply resid-
ual by definition. Also, let S, = $5™cl(4,E) i (X — (4, E)), by definition S5*cl(A4, E) is the
smallest soft closed set containing (4, E), the set (X — (4, E)) is the complement of (4, E)), which
is soft open if (4, E) is soft closed, or soft closed if(A4, E) is soft open. If S5*¢cl(4, E) = X, then,
S,= XN (X —(4E))=(Xx—(AE)) sothat (X— (A E))is soft simply residual because
SSMcl(A,E) = X.1f55Mcl(4,E) = X, then 5, = 55Mcl(A,E) A (X — (A E)), and the soft simp-
ly interior of S, is @ because S, lies entirely within X — (4, E), which has no soft interior points in
S5Mcl(A,E). Thus, 5, is soft simply residual by definition.

Theorem 2.8

The boundary for any soft set contains the union of soft two 55*-residual sets.

Proof

We aim to prove that the soft boundary of (A4, E') contains the union of two soft simply residual

sets then we can define the first soft simply residual set S, = (4, E) i S5*cl(X — (4, E)), define
the second soft simply residual set S, = SS™¢l(4,E) A (X — (A, E)). Prove that S, and S, are soft
simply residual:

For S,: if SS™cl(X — (A, E)) = X, then 5, = (4, E) i X = (A, E). Which is soft simply residual by
definition. If S5™¢l(x — (4, E)) # X, then the soft simply interior of S, is @, making S, soft simp-
ly residual.

For S,: if SSMcl((4,E)) =X, then S, = X i (X — (4,E)) = (X — (4, E)) which is soft simply
residual. If SS™¢l((4, E)) # X, then the soft simply interior of S, is @, making S soft simply re-
sidual, so that 5, U 5, = [(4, E) 1 5] contained in the soft boundary of (4, E) because

S, EScl(Xx—(AE)), and S, € (4,E),s0 5, E5b(A,E),S,E Scl((4,E)) and

5,E (X — (A,E)), so Therefore 5, U S, € Sb(4,E).

CONCLUSION

The study has systematically explored the concept of soft simply open sets within the framework of
soft topological spaces, establishing their foundational properties and applications. The most im-
portant results:



Al-Mukhtar Journal of Basic Sciences 23 (2): 74-86, 2025 page85 of13

1- Theoretical Contributions:

i- We have proven that soft simply open sets are more accurate to study the separation axioms
(e.g., near normality), compared to traditional methods.

ii- We have proven the relationship between the soft simply open (closed) sets and their soft interi-
or (closure) operations.

2- Practical Implications:

I- These applications have been used in uncertain data modeling and Al-based classification,
demonstrating their importance in dealing with fuzzy, inaccurate information.

2- In this study, we simplify the evidence in soft topology while maintaining robustness, as
demonstrated in our comparative analysis

3- Future Directionsi- Extending this work to soft compactness could further enrich the theory

ii- Finally, soft simply open sets bridge theoretical topology with applied mathematics, paving the
way for innovative and rapid solutions in data science.
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